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Introduction

Model Class: Markov jump process / continuous time Markov chain

• Applications in many domains (finance, social networks, 

healthcare, systems biology, etc.)

• Data-driven modelling requires latent state estimation
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Introduction

Model Class: Markov jump process / continuous time Markov chain

• Applications in many domains (finance, social networks, 
healthcare, systems biology, etc.)

• Data-driven modelling requires latent state estimation

Problem: Hard/intractable for large state spaces

Proposed solution: new variational inference approach based on

• transition space partitioning

• gradient-based optimization
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Markov Jump Processes

An MJP is fully defined by 

• an initial distribution

• a transition function with
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· · ·· · ·
X (t1)

<latexit sha1_base64="YamRpAPqzTll/wPlx69cAdPmack="></latexit>

X (t1 + h)
<latexit sha1_base64="6vCvLUNiKi5Z9kJvpabKuQatLpk="></latexit>

X (t1 + 2h)
<latexit sha1_base64="PVtIj65BL5r68OwnfxBdsZ3WYG0="></latexit>

X (t2)
<latexit sha1_base64="LYecnUJ+2k+l/9JOByuW6hbOWik="></latexit>

X (t2 + h)
<latexit sha1_base64="yliyfy+gVJBkdxTS+u+7TovaQTk="></latexit>

X (tN )
<latexit sha1_base64="t/+ZdG62EhV5OzgpVxhcTH6eeCU="></latexit>

Markov Jump Processes

An MJP is fully defined by 

• an initial distribution

• a transition function with

discretized representation of hidden MJP 
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Exact Inference

Goal: Compute posterior path distribution

· · ·· · ·

Y (t1)
<latexit sha1_base64="PY5hBXKImETkHn0KsZoE3oIFKWk="></latexit>

X (t1)
<latexit sha1_base64="YamRpAPqzTll/wPlx69cAdPmack="></latexit>

X (t1 + h)
<latexit sha1_base64="6vCvLUNiKi5Z9kJvpabKuQatLpk="></latexit>

X (t1 + 2h)
<latexit sha1_base64="PVtIj65BL5r68OwnfxBdsZ3WYG0="></latexit>

X (t2)
<latexit sha1_base64="LYecnUJ+2k+l/9JOByuW6hbOWik="></latexit>

Y (t2)
<latexit sha1_base64="O2hxzgoOoXClOkepJkX5TxfokEw="></latexit>

X (t2 + h)
<latexit sha1_base64="yliyfy+gVJBkdxTS+u+7TovaQTk="></latexit>

X (tN )
<latexit sha1_base64="t/+ZdG62EhV5OzgpVxhcTH6eeCU="></latexit>

Y (tN )
<latexit sha1_base64="h9oHil/L4yxxcaL9ikRtHSN3HFQ="></latexit>

discretized representation of hidden MJP 
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Exact Inference

Goal: Compute posterior path distribution

Posterior paths are realized by smoothing 

process    with modified transition function 

· · ·· · ·

Y (t1)
<latexit sha1_base64="PY5hBXKImETkHn0KsZoE3oIFKWk="></latexit>
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X (t2)
<latexit sha1_base64="LYecnUJ+2k+l/9JOByuW6hbOWik="></latexit>
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<latexit sha1_base64="O2hxzgoOoXClOkepJkX5TxfokEw="></latexit>

X (t2 + h)
<latexit sha1_base64="yliyfy+gVJBkdxTS+u+7TovaQTk="></latexit>

X (tN )
<latexit sha1_base64="t/+ZdG62EhV5OzgpVxhcTH6eeCU="></latexit>

Y (tN )
<latexit sha1_base64="h9oHil/L4yxxcaL9ikRtHSN3HFQ="></latexit>

discretized representation of hidden MJP 
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Exact Inference

Goal: Compute posterior path distribution

Posterior paths are realized by smoothing 

process    with modified transition function 

· · ·· · ·

Y (t1)
<latexit sha1_base64="PY5hBXKImETkHn0KsZoE3oIFKWk="></latexit>

X (t1)
<latexit sha1_base64="YamRpAPqzTll/wPlx69cAdPmack="></latexit>

X (t1 + h)
<latexit sha1_base64="6vCvLUNiKi5Z9kJvpabKuQatLpk="></latexit>

X (t1 + 2h)
<latexit sha1_base64="PVtIj65BL5r68OwnfxBdsZ3WYG0="></latexit>

X (t2)
<latexit sha1_base64="LYecnUJ+2k+l/9JOByuW6hbOWik="></latexit>

Y (t2)
<latexit sha1_base64="O2hxzgoOoXClOkepJkX5TxfokEw="></latexit>

X (t2 + h)
<latexit sha1_base64="yliyfy+gVJBkdxTS+u+7TovaQTk="></latexit>

X (tN )
<latexit sha1_base64="t/+ZdG62EhV5OzgpVxhcTH6eeCU="></latexit>

Y (tN )
<latexit sha1_base64="h9oHil/L4yxxcaL9ikRtHSN3HFQ="></latexit>

discretized representation of hidden MJP 

hard to 
compute
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Variational Inference

Minimize path level KL divergence

exact smoothing process
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Variational Inference

Minimize path level KL divergence

The usual decomposition applies

negative ELBO

variational to prior marginal likelihood
(evidence)

exact smoothing process
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Variational Inference

Minimize path level KL divergence

The usual decomposition applies

Hard to construct suitable variational process class

negative ELBO

variational to prior marginal likelihood
(evidence)

exact smoothing process
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Transition Space Partitioning

Smoothing process is in the class of controlled MJP with

prior transition
function

time and state dependent 
control factor
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Transition Space Partitioning

Smoothing process is in the class of controlled MJP with

Partition transitions into groups      and set

prior transition
function

time and state dependent 
control factor
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Transition Space Partitioning

Smoothing process is in the class of controlled MJP with

Partition transitions into groups      and set

Example: random walk  

prior transition
function

time and state dependent 
control factor

q
<latexit sha1_base64="pSTEOKv4dH9LMFMgPM2o3iCoaJQ="></latexit>

p
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p
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1
<latexit sha1_base64="54GkNeQzaHP/Kdwz7Xg0OBe1OFQ=">AAACc3icfVFNSwMxEE3Xr7p+Vo9egrXgxbJbC3osePHYglXBLpJNZ20w2SzJrFCW/gKv+uP8Id5Nt0VcBQcCj/dmMm9m4kwKi0HwUfNWVtfWN+qb/tb2zu7efuPg1urccBhyLbW5j5kFKVIYokAJ95kBpmIJd/Hz1Vy/ewFjhU5vcJpBpNhTKhLBGTpqED7uN4N2UAb9C8IlaPbIIvqPjdpoNNY8V5Ail8zahzDIMCqYQcElzPxRbiFj/Jk9wYODKVNgo6J0OqMtx4xpoo17KdKS/VlRMGXtVMUuUzGc2N/anPzWWpVWmFxGhUizHCHli05JLilqOp+bjoUBjnLqAONGOLOUT5hhHN12fL9FeW5Rq/8/rajF3AVqLW116AnIF3AbsUnptqJZziSMo2KRU9GKOFYz390j/L39v+C20w7P251Bt9nrLi9TJ0fkmJySkFyQHrkmfTIknAB5JW/kvfbpHXnH3ski1astaw5JJbyzL+oXwCg=</latexit>

2
<latexit sha1_base64="fYpBIfYkVgQNWtDfbt/Ry7SmP6Q=">AAACc3icfVFNSwMxEE3X7/Vbj15Ca8GLZbcW9Fjw4rEFq0K7lGw6a4PJZklmhbL0F3jVH+cP8W76gbgVHAg83pvJvJmJMyksBsFnxVtb39jc2t7xd/f2Dw6Pjk8erM4Nhx7XUpunmFmQIoUeCpTwlBlgKpbwGL/czvTHVzBW6PQeJxlEij2nIhGcoaO6zeFRLWgE86B/QbgEtTZZRGd4XBkMRprnClLkklnbD4MMo4IZFFzC1B/kFjLGX9gz9B1MmQIbFXOnU1p3zIgm2riXIp2zvysKpqydqNhlKoZju6rNyB+tXmqFyU1UiDTLEVK+6JTkkqKms7npSBjgKCcOMG6EM0v5mBnG0W3H9+uU5xa1+v/TklrMXKDW0paHHoN8BbcRm8zdljTLmYRRVCxySloRx2rqu3uEq9v/Cx6ajfCq0ey2au3W8jLb5IxUyQUJyTVpkzvSIT3CCZA38k4+Kl/emVf1zhepXmVZc0pK4V1+A+wmwCk=</latexit>

3
<latexit sha1_base64="XgeC2IIRbpdeyNVzqw7vBy8FrXI="></latexit>

4
<latexit sha1_base64="SDL66jN7vAGo+5BbkP0rACN6+qE=">AAACc3icfVFNSwMxEE3Xr7p+Vo9eQmvBi2W3FvRY8OJRwarQLiWbztpgslmSWaEs/QVe9cf5Q7ybfiBuBQcCj/dmMm9m4kwKi0HwWfHW1jc2t6rb/s7u3v7BYe3owerccOhxLbV5ipkFKVLooUAJT5kBpmIJj/HL9Ux/fAVjhU7vcZJBpNhzKhLBGTrqrjM8bAStYB70LwiXoNEli7gd1iqDwUjzXEGKXDJr+2GQYVQwg4JLmPqD3ELG+At7hr6DKVNgo2LudEqbjhnRRBv3UqRz9ndFwZS1ExW7TMVwbFe1GfmjNUutMLmKCpFmOULKF52SXFLUdDY3HQkDHOXEAcaNcGYpHzPDOLrt+H6T8tyiVv9/WlKLmQvUWtry0GOQr+A2YpO525JmOZMwiopFTkkr4lhNfXePcHX7f8FDuxVetNp3nUa3s7xMlZyQOjkjIbkkXXJDbkmPcALkjbyTj8qXd+LVvdNFqldZ1hyTUnjn3/BEwCs=</latexit>
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Partitioning Example

Example: random walk  

q
<latexit sha1_base64="pSTEOKv4dH9LMFMgPM2o3iCoaJQ="></latexit>

p
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<latexit sha1_base64="SDL66jN7vAGo+5BbkP0rACN6+qE=">AAACc3icfVFNSwMxEE3Xr7p+Vo9eQmvBi2W3FvRY8OJRwarQLiWbztpgslmSWaEs/QVe9cf5Q7ybfiBuBQcCj/dmMm9m4kwKi0HwWfHW1jc2t6rb/s7u3v7BYe3owerccOhxLbV5ipkFKVLooUAJT5kBpmIJj/HL9Ux/fAVjhU7vcZJBpNhzKhLBGTrqrjM8bAStYB70LwiXoNEli7gd1iqDwUjzXEGKXDJr+2GQYVQwg4JLmPqD3ELG+At7hr6DKVNgo2LudEqbjhnRRBv3UqRz9ndFwZS1ExW7TMVwbFe1GfmjNUutMLmKCpFmOULKF52SXFLUdDY3HQkDHOXEAcaNcGYpHzPDOLrt+H6T8tyiVv9/WlKLmQvUWtry0GOQr+A2YpO525JmOZMwiopFTkkr4lhNfXePcHX7f8FDuxVetNp3nUa3s7xMlZyQOjkjIbkkXXJDbkmPcALkjbyTj8qXd+LVvdNFqldZ1hyTUnjn3/BEwCs=</latexit>
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Partitioning Example

Example: random walk  

q
<latexit sha1_base64="pSTEOKv4dH9LMFMgPM2o3iCoaJQ="></latexit>

p
<latexit sha1_base64="oxUfRjN90vSmO7sX2LN4M+VeLzs=">AAACc3icfVFNSwMxEE3X7/Vbj70Ea8GLZbcW9Fjw4lHBVsEukk1n22CyWZJZoSz9BV71x/lDvJtui7gWHAg83pvJvJmJMyksBsFnzVtZXVvf2Nzyt3d29/YPDo/6VueGQ49rqc1jzCxIkUIPBUp4zAwwFUt4iF+uZ/rDKxgrdHqPkwwixUapSARn6Ki77PmgEbSCMugyCBeg0SXzuH0+rA0GQ81zBSlyyax9CoMMo4IZFFzC1B/kFjLGX9gInhxMmQIbFaXTKW06ZkgTbdxLkZbs74qCKWsnKnaZiuHY/tVm5I/WrLTC5CoqRJrlCCmfd0pySVHT2dx0KAxwlBMHGDfCmaV8zAzj6Lbj+03Kc4ta/f9pRS1mLlBraatDj0G+gtuITUq3Fc1yJmEYFfOcilbEsZr67h7h3+0vg367FV602nedRrezuMwmqZMTckZCckm65Ibckh7hBMgbeScftS+v7p14p/NUr7aoOSaV8M6/AWvXwGc=</latexit>

q
<latexit sha1_base64="pSTEOKv4dH9LMFMgPM2o3iCoaJQ="></latexit>

q
<latexit sha1_base64="pSTEOKv4dH9LMFMgPM2o3iCoaJQ="></latexit>

p
<latexit sha1_base64="oxUfRjN90vSmO7sX2LN4M+VeLzs=">AAACc3icfVFNSwMxEE3X7/Vbj70Ea8GLZbcW9Fjw4lHBVsEukk1n22CyWZJZoSz9BV71x/lDvJtui7gWHAg83pvJvJmJMyksBsFnzVtZXVvf2Nzyt3d29/YPDo/6VueGQ49rqc1jzCxIkUIPBUp4zAwwFUt4iF+uZ/rDKxgrdHqPkwwixUapSARn6Ki77PmgEbSCMugyCBeg0SXzuH0+rA0GQ81zBSlyyax9CoMMo4IZFFzC1B/kFjLGX9gInhxMmQIbFaXTKW06ZkgTbdxLkZbs74qCKWsnKnaZiuHY/tVm5I/WrLTC5CoqRJrlCCmfd0pySVHT2dx0KAxwlBMHGDfCmaV8zAzj6Lbj+03Kc4ta/f9pRS1mLlBraatDj0G+gtuITUq3Fc1yJmEYFfOcilbEsZr67h7h3+0vg367FV602nedRrezuMwmqZMTckZCckm65Ibckh7hBMgbeScftS+v7p14p/NUr7aoOSaV8M6/AWvXwGc=</latexit>

p
<latexit sha1_base64="oxUfRjN90vSmO7sX2LN4M+VeLzs=">AAACc3icfVFNSwMxEE3X7/Vbj70Ea8GLZbcW9Fjw4lHBVsEukk1n22CyWZJZoSz9BV71x/lDvJtui7gWHAg83pvJvJmJMyksBsFnzVtZXVvf2Nzyt3d29/YPDo/6VueGQ49rqc1jzCxIkUIPBUp4zAwwFUt4iF+uZ/rDKxgrdHqPkwwixUapSARn6Ki77PmgEbSCMugyCBeg0SXzuH0+rA0GQ81zBSlyyax9CoMMo4IZFFzC1B/kFjLGX9gInhxMmQIbFaXTKW06ZkgTbdxLkZbs74qCKWsnKnaZiuHY/tVm5I/WrLTC5CoqRJrlCCmfd0pySVHT2dx0KAxwlBMHGDfCmaV8zAzj6Lbj+03Kc4ta/f9pRS1mLlBraatDj0G+gtuITUq3Fc1yJmEYFfOcilbEsZr67h7h3+0vg367FV602nedRrezuMwmqZMTckZCckm65Ibckh7hBMgbeScftS+v7p14p/NUr7aoOSaV8M6/AWvXwGc=</latexit>

1
<latexit sha1_base64="54GkNeQzaHP/Kdwz7Xg0OBe1OFQ=">AAACc3icfVFNSwMxEE3Xr7p+Vo9egrXgxbJbC3osePHYglXBLpJNZ20w2SzJrFCW/gKv+uP8Id5Nt0VcBQcCj/dmMm9m4kwKi0HwUfNWVtfWN+qb/tb2zu7efuPg1urccBhyLbW5j5kFKVIYokAJ95kBpmIJd/Hz1Vy/ewFjhU5vcJpBpNhTKhLBGTpqED7uN4N2UAb9C8IlaPbIIvqPjdpoNNY8V5Ail8zahzDIMCqYQcElzPxRbiFj/Jk9wYODKVNgo6J0OqMtx4xpoo17KdKS/VlRMGXtVMUuUzGc2N/anPzWWpVWmFxGhUizHCHli05JLilqOp+bjoUBjnLqAONGOLOUT5hhHN12fL9FeW5Rq/8/rajF3AVqLW116AnIF3AbsUnptqJZziSMo2KRU9GKOFYz390j/L39v+C20w7P251Bt9nrLi9TJ0fkmJySkFyQHrkmfTIknAB5JW/kvfbpHXnH3ski1astaw5JJbyzL+oXwCg=</latexit>

2
<latexit sha1_base64="fYpBIfYkVgQNWtDfbt/Ry7SmP6Q=">AAACc3icfVFNSwMxEE3X7/Vbj15Ca8GLZbcW9Fjw4rEFq0K7lGw6a4PJZklmhbL0F3jVH+cP8W76gbgVHAg83pvJvJmJMyksBsFnxVtb39jc2t7xd/f2Dw6Pjk8erM4Nhx7XUpunmFmQIoUeCpTwlBlgKpbwGL/czvTHVzBW6PQeJxlEij2nIhGcoaO6zeFRLWgE86B/QbgEtTZZRGd4XBkMRprnClLkklnbD4MMo4IZFFzC1B/kFjLGX9gz9B1MmQIbFXOnU1p3zIgm2riXIp2zvysKpqydqNhlKoZju6rNyB+tXmqFyU1UiDTLEVK+6JTkkqKms7npSBjgKCcOMG6EM0v5mBnG0W3H9+uU5xa1+v/TklrMXKDW0paHHoN8BbcRm8zdljTLmYRRVCxySloRx2rqu3uEq9v/Cx6ajfCq0ey2au3W8jLb5IxUyQUJyTVpkzvSIT3CCZA38k4+Kl/emVf1zhepXmVZc0pK4V1+A+wmwCk=</latexit>

3
<latexit sha1_base64="XgeC2IIRbpdeyNVzqw7vBy8FrXI="></latexit>

4
<latexit sha1_base64="SDL66jN7vAGo+5BbkP0rACN6+qE=">AAACc3icfVFNSwMxEE3Xr7p+Vo9eQmvBi2W3FvRY8OJRwarQLiWbztpgslmSWaEs/QVe9cf5Q7ybfiBuBQcCj/dmMm9m4kwKi0HwWfHW1jc2t6rb/s7u3v7BYe3owerccOhxLbV5ipkFKVLooUAJT5kBpmIJj/HL9Ux/fAVjhU7vcZJBpNhzKhLBGTrqrjM8bAStYB70LwiXoNEli7gd1iqDwUjzXEGKXDJr+2GQYVQwg4JLmPqD3ELG+At7hr6DKVNgo2LudEqbjhnRRBv3UqRz9ndFwZS1ExW7TMVwbFe1GfmjNUutMLmKCpFmOULKF52SXFLUdDY3HQkDHOXEAcaNcGYpHzPDOLrt+H6T8tyiVv9/WlKLmQvUWtry0GOQr+A2YpO525JmOZMwiopFTkkr4lhNfXePcHX7f8FDuxVetNp3nUa3s7xMlZyQOjkjIbkkXXJDbkmPcALkjbyTj8qXd+LVvdNFqldZ1hyTUnjn3/BEwCs=</latexit>
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Partitioning Example

Example: random walk  

q
<latexit sha1_base64="pSTEOKv4dH9LMFMgPM2o3iCoaJQ="></latexit>

p
<latexit sha1_base64="oxUfRjN90vSmO7sX2LN4M+VeLzs=">AAACc3icfVFNSwMxEE3X7/Vbj70Ea8GLZbcW9Fjw4lHBVsEukk1n22CyWZJZoSz9BV71x/lDvJtui7gWHAg83pvJvJmJMyksBsFnzVtZXVvf2Nzyt3d29/YPDo/6VueGQ49rqc1jzCxIkUIPBUp4zAwwFUt4iF+uZ/rDKxgrdHqPkwwixUapSARn6Ki77PmgEbSCMugyCBeg0SXzuH0+rA0GQ81zBSlyyax9CoMMo4IZFFzC1B/kFjLGX9gInhxMmQIbFaXTKW06ZkgTbdxLkZbs74qCKWsnKnaZiuHY/tVm5I/WrLTC5CoqRJrlCCmfd0pySVHT2dx0KAxwlBMHGDfCmaV8zAzj6Lbj+03Kc4ta/f9pRS1mLlBraatDj0G+gtuITUq3Fc1yJmEYFfOcilbEsZr67h7h3+0vg367FV602nedRrezuMwmqZMTckZCckm65Ibckh7hBMgbeScftS+v7p14p/NUr7aoOSaV8M6/AWvXwGc=</latexit>

q
<latexit sha1_base64="pSTEOKv4dH9LMFMgPM2o3iCoaJQ="></latexit>

q
<latexit sha1_base64="pSTEOKv4dH9LMFMgPM2o3iCoaJQ="></latexit>

p
<latexit sha1_base64="oxUfRjN90vSmO7sX2LN4M+VeLzs=">AAACc3icfVFNSwMxEE3X7/Vbj70Ea8GLZbcW9Fjw4lHBVsEukk1n22CyWZJZoSz9BV71x/lDvJtui7gWHAg83pvJvJmJMyksBsFnzVtZXVvf2Nzyt3d29/YPDo/6VueGQ49rqc1jzCxIkUIPBUp4zAwwFUt4iF+uZ/rDKxgrdHqPkwwixUapSARn6Ki77PmgEbSCMugyCBeg0SXzuH0+rA0GQ81zBSlyyax9CoMMo4IZFFzC1B/kFjLGX9gInhxMmQIbFaXTKW06ZkgTbdxLkZbs74qCKWsnKnaZiuHY/tVm5I/WrLTC5CoqRJrlCCmfd0pySVHT2dx0KAxwlBMHGDfCmaV8zAzj6Lbj+03Kc4ta/f9pRS1mLlBraatDj0G+gtuITUq3Fc1yJmEYFfOcilbEsZr67h7h3+0vg367FV602nedRrezuMwmqZMTckZCckm65Ibckh7hBMgbeScftS+v7p14p/NUr7aoOSaV8M6/AWvXwGc=</latexit>

p
<latexit sha1_base64="oxUfRjN90vSmO7sX2LN4M+VeLzs=">AAACc3icfVFNSwMxEE3X7/Vbj70Ea8GLZbcW9Fjw4lHBVsEukk1n22CyWZJZoSz9BV71x/lDvJtui7gWHAg83pvJvJmJMyksBsFnzVtZXVvf2Nzyt3d29/YPDo/6VueGQ49rqc1jzCxIkUIPBUp4zAwwFUt4iF+uZ/rDKxgrdHqPkwwixUapSARn6Ki77PmgEbSCMugyCBeg0SXzuH0+rA0GQ81zBSlyyax9CoMMo4IZFFzC1B/kFjLGX9gInhxMmQIbFaXTKW06ZkgTbdxLkZbs74qCKWsnKnaZiuHY/tVm5I/WrLTC5CoqRJrlCCmfd0pySVHT2dx0KAxwlBMHGDfCmaV8zAzj6Lbj+03Kc4ta/f9pRS1mLlBraatDj0G+gtuITUq3Fc1yJmEYFfOcilbEsZr67h7h3+0vg367FV602nedRrezuMwmqZMTckZCckm65Ibckh7hBMgbeScftS+v7p14p/NUr7aoOSaV8M6/AWvXwGc=</latexit>

1
<latexit sha1_base64="54GkNeQzaHP/Kdwz7Xg0OBe1OFQ=">AAACc3icfVFNSwMxEE3Xr7p+Vo9egrXgxbJbC3osePHYglXBLpJNZ20w2SzJrFCW/gKv+uP8Id5Nt0VcBQcCj/dmMm9m4kwKi0HwUfNWVtfWN+qb/tb2zu7efuPg1urccBhyLbW5j5kFKVIYokAJ95kBpmIJd/Hz1Vy/ewFjhU5vcJpBpNhTKhLBGTpqED7uN4N2UAb9C8IlaPbIIvqPjdpoNNY8V5Ail8zahzDIMCqYQcElzPxRbiFj/Jk9wYODKVNgo6J0OqMtx4xpoo17KdKS/VlRMGXtVMUuUzGc2N/anPzWWpVWmFxGhUizHCHli05JLilqOp+bjoUBjnLqAONGOLOUT5hhHN12fL9FeW5Rq/8/rajF3AVqLW116AnIF3AbsUnptqJZziSMo2KRU9GKOFYz390j/L39v+C20w7P251Bt9nrLi9TJ0fkmJySkFyQHrkmfTIknAB5JW/kvfbpHXnH3ski1astaw5JJbyzL+oXwCg=</latexit>

2
<latexit sha1_base64="fYpBIfYkVgQNWtDfbt/Ry7SmP6Q=">AAACc3icfVFNSwMxEE3X7/Vbj15Ca8GLZbcW9Fjw4rEFq0K7lGw6a4PJZklmhbL0F3jVH+cP8W76gbgVHAg83pvJvJmJMyksBsFnxVtb39jc2t7xd/f2Dw6Pjk8erM4Nhx7XUpunmFmQIoUeCpTwlBlgKpbwGL/czvTHVzBW6PQeJxlEij2nIhGcoaO6zeFRLWgE86B/QbgEtTZZRGd4XBkMRprnClLkklnbD4MMo4IZFFzC1B/kFjLGX9gz9B1MmQIbFXOnU1p3zIgm2riXIp2zvysKpqydqNhlKoZju6rNyB+tXmqFyU1UiDTLEVK+6JTkkqKms7npSBjgKCcOMG6EM0v5mBnG0W3H9+uU5xa1+v/TklrMXKDW0paHHoN8BbcRm8zdljTLmYRRVCxySloRx2rqu3uEq9v/Cx6ajfCq0ey2au3W8jLb5IxUyQUJyTVpkzvSIT3CCZA38k4+Kl/emVf1zhepXmVZc0pK4V1+A+wmwCk=</latexit>

3
<latexit sha1_base64="XgeC2IIRbpdeyNVzqw7vBy8FrXI="></latexit>

4
<latexit sha1_base64="SDL66jN7vAGo+5BbkP0rACN6+qE=">AAACc3icfVFNSwMxEE3Xr7p+Vo9eQmvBi2W3FvRY8OJRwarQLiWbztpgslmSWaEs/QVe9cf5Q7ybfiBuBQcCj/dmMm9m4kwKi0HwWfHW1jc2t6rb/s7u3v7BYe3owerccOhxLbV5ipkFKVLooUAJT5kBpmIJj/HL9Ux/fAVjhU7vcZJBpNhzKhLBGTrqrjM8bAStYB70LwiXoNEli7gd1iqDwUjzXEGKXDJr+2GQYVQwg4JLmPqD3ELG+At7hr6DKVNgo2LudEqbjhnRRBv3UqRz9ndFwZS1ExW7TMVwbFe1GfmjNUutMLmKCpFmOULKF52SXFLUdDY3HQkDHOXEAcaNcGYpHzPDOLrt+H6T8tyiVv9/WlKLmQvUWtry0GOQr+A2YpO525JmOZMwiopFTkkr4lhNfXePcHX7f8FDuxVetNp3nUa3s7xMlZyQOjkjIbkkXXJDbkmPcALkjbyTj8qXd+LVvdNFqldZ1hyTUnjn3/BEwCs=</latexit>

common scaling for
rightward transitions

common scaling for
leftward transitions
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Partitioning Example

Example: random walk  

q
<latexit sha1_base64="pSTEOKv4dH9LMFMgPM2o3iCoaJQ="></latexit>

p
<latexit sha1_base64="oxUfRjN90vSmO7sX2LN4M+VeLzs=">AAACc3icfVFNSwMxEE3X7/Vbj70Ea8GLZbcW9Fjw4lHBVsEukk1n22CyWZJZoSz9BV71x/lDvJtui7gWHAg83pvJvJmJMyksBsFnzVtZXVvf2Nzyt3d29/YPDo/6VueGQ49rqc1jzCxIkUIPBUp4zAwwFUt4iF+uZ/rDKxgrdHqPkwwixUapSARn6Ki77PmgEbSCMugyCBeg0SXzuH0+rA0GQ81zBSlyyax9CoMMo4IZFFzC1B/kFjLGX9gInhxMmQIbFaXTKW06ZkgTbdxLkZbs74qCKWsnKnaZiuHY/tVm5I/WrLTC5CoqRJrlCCmfd0pySVHT2dx0KAxwlBMHGDfCmaV8zAzj6Lbj+03Kc4ta/f9pRS1mLlBraatDj0G+gtuITUq3Fc1yJmEYFfOcilbEsZr67h7h3+0vg367FV602nedRrezuMwmqZMTckZCckm65Ibckh7hBMgbeScftS+v7p14p/NUr7aoOSaV8M6/AWvXwGc=</latexit>

q
<latexit sha1_base64="pSTEOKv4dH9LMFMgPM2o3iCoaJQ="></latexit>

q
<latexit sha1_base64="pSTEOKv4dH9LMFMgPM2o3iCoaJQ="></latexit>

p
<latexit sha1_base64="oxUfRjN90vSmO7sX2LN4M+VeLzs=">AAACc3icfVFNSwMxEE3X7/Vbj70Ea8GLZbcW9Fjw4lHBVsEukk1n22CyWZJZoSz9BV71x/lDvJtui7gWHAg83pvJvJmJMyksBsFnzVtZXVvf2Nzyt3d29/YPDo/6VueGQ49rqc1jzCxIkUIPBUp4zAwwFUt4iF+uZ/rDKxgrdHqPkwwixUapSARn6Ki77PmgEbSCMugyCBeg0SXzuH0+rA0GQ81zBSlyyax9CoMMo4IZFFzC1B/kFjLGX9gInhxMmQIbFaXTKW06ZkgTbdxLkZbs74qCKWsnKnaZiuHY/tVm5I/WrLTC5CoqRJrlCCmfd0pySVHT2dx0KAxwlBMHGDfCmaV8zAzj6Lbj+03Kc4ta/f9pRS1mLlBraatDj0G+gtuITUq3Fc1yJmEYFfOcilbEsZr67h7h3+0vg367FV602nedRrezuMwmqZMTckZCckm65Ibckh7hBMgbeScftS+v7p14p/NUr7aoOSaV8M6/AWvXwGc=</latexit>

p
<latexit sha1_base64="oxUfRjN90vSmO7sX2LN4M+VeLzs=">AAACc3icfVFNSwMxEE3X7/Vbj70Ea8GLZbcW9Fjw4lHBVsEukk1n22CyWZJZoSz9BV71x/lDvJtui7gWHAg83pvJvJmJMyksBsFnzVtZXVvf2Nzyt3d29/YPDo/6VueGQ49rqc1jzCxIkUIPBUp4zAwwFUt4iF+uZ/rDKxgrdHqPkwwixUapSARn6Ki77PmgEbSCMugyCBeg0SXzuH0+rA0GQ81zBSlyyax9CoMMo4IZFFzC1B/kFjLGX9gInhxMmQIbFaXTKW06ZkgTbdxLkZbs74qCKWsnKnaZiuHY/tVm5I/WrLTC5CoqRJrlCCmfd0pySVHT2dx0KAxwlBMHGDfCmaV8zAzj6Lbj+03Kc4ta/f9pRS1mLlBraatDj0G+gtuITUq3Fc1yJmEYFfOcilbEsZr67h7h3+0vg367FV602nedRrezuMwmqZMTckZCckm65Ibckh7hBMgbeScftS+v7p14p/NUr7aoOSaV8M6/AWvXwGc=</latexit>

1
<latexit sha1_base64="54GkNeQzaHP/Kdwz7Xg0OBe1OFQ=">AAACc3icfVFNSwMxEE3Xr7p+Vo9egrXgxbJbC3osePHYglXBLpJNZ20w2SzJrFCW/gKv+uP8Id5Nt0VcBQcCj/dmMm9m4kwKi0HwUfNWVtfWN+qb/tb2zu7efuPg1urccBhyLbW5j5kFKVIYokAJ95kBpmIJd/Hz1Vy/ewFjhU5vcJpBpNhTKhLBGTpqED7uN4N2UAb9C8IlaPbIIvqPjdpoNNY8V5Ail8zahzDIMCqYQcElzPxRbiFj/Jk9wYODKVNgo6J0OqMtx4xpoo17KdKS/VlRMGXtVMUuUzGc2N/anPzWWpVWmFxGhUizHCHli05JLilqOp+bjoUBjnLqAONGOLOUT5hhHN12fL9FeW5Rq/8/rajF3AVqLW116AnIF3AbsUnptqJZziSMo2KRU9GKOFYz390j/L39v+C20w7P251Bt9nrLi9TJ0fkmJySkFyQHrkmfTIknAB5JW/kvfbpHXnH3ski1astaw5JJbyzL+oXwCg=</latexit>

2
<latexit sha1_base64="fYpBIfYkVgQNWtDfbt/Ry7SmP6Q=">AAACc3icfVFNSwMxEE3X7/Vbj15Ca8GLZbcW9Fjw4rEFq0K7lGw6a4PJZklmhbL0F3jVH+cP8W76gbgVHAg83pvJvJmJMyksBsFnxVtb39jc2t7xd/f2Dw6Pjk8erM4Nhx7XUpunmFmQIoUeCpTwlBlgKpbwGL/czvTHVzBW6PQeJxlEij2nIhGcoaO6zeFRLWgE86B/QbgEtTZZRGd4XBkMRprnClLkklnbD4MMo4IZFFzC1B/kFjLGX9gz9B1MmQIbFXOnU1p3zIgm2riXIp2zvysKpqydqNhlKoZju6rNyB+tXmqFyU1UiDTLEVK+6JTkkqKms7npSBjgKCcOMG6EM0v5mBnG0W3H9+uU5xa1+v/TklrMXKDW0paHHoN8BbcRm8zdljTLmYRRVCxySloRx2rqu3uEq9v/Cx6ajfCq0ey2au3W8jLb5IxUyQUJyTVpkzvSIT3CCZA38k4+Kl/emVf1zhepXmVZc0pK4V1+A+wmwCk=</latexit>

3
<latexit sha1_base64="XgeC2IIRbpdeyNVzqw7vBy8FrXI="></latexit>

4
<latexit sha1_base64="SDL66jN7vAGo+5BbkP0rACN6+qE=">AAACc3icfVFNSwMxEE3Xr7p+Vo9eQmvBi2W3FvRY8OJRwarQLiWbztpgslmSWaEs/QVe9cf5Q7ybfiBuBQcCj/dmMm9m4kwKi0HwWfHW1jc2t6rb/s7u3v7BYe3owerccOhxLbV5ipkFKVLooUAJT5kBpmIJj/HL9Ux/fAVjhU7vcZJBpNhzKhLBGTrqrjM8bAStYB70LwiXoNEli7gd1iqDwUjzXEGKXDJr+2GQYVQwg4JLmPqD3ELG+At7hr6DKVNgo2LudEqbjhnRRBv3UqRz9ndFwZS1ExW7TMVwbFe1GfmjNUutMLmKCpFmOULKF52SXFLUdDY3HQkDHOXEAcaNcGYpHzPDOLrt+H6T8tyiVv9/WlKLmQvUWtry0GOQr+A2YpO525JmOZMwiopFTkkr4lhNfXePcHX7f8FDuxVetNp3nUa3s7xMlZyQOjkjIbkkXXJDbkmPcALkjbyTj8qXd+LVvdNFqldZ1hyTUnjn3/BEwCs=</latexit>

common scaling for
rightward transitions

common scaling for
leftward transitions

1
<latexit sha1_base64="54GkNeQzaHP/Kdwz7Xg0OBe1OFQ=">AAACc3icfVFNSwMxEE3Xr7p+Vo9egrXgxbJbC3osePHYglXBLpJNZ20w2SzJrFCW/gKv+uP8Id5Nt0VcBQcCj/dmMm9m4kwKi0HwUfNWVtfWN+qb/tb2zu7efuPg1urccBhyLbW5j5kFKVIYokAJ95kBpmIJd/Hz1Vy/ewFjhU5vcJpBpNhTKhLBGTpqED7uN4N2UAb9C8IlaPbIIvqPjdpoNNY8V5Ail8zahzDIMCqYQcElzPxRbiFj/Jk9wYODKVNgo6J0OqMtx4xpoo17KdKS/VlRMGXtVMUuUzGc2N/anPzWWpVWmFxGhUizHCHli05JLilqOp+bjoUBjnLqAONGOLOUT5hhHN12fL9FeW5Rq/8/rajF3AVqLW116AnIF3AbsUnptqJZziSMo2KRU9GKOFYz390j/L39v+C20w7P251Bt9nrLi9TJ0fkmJySkFyQHrkmfTIknAB5JW/kvfbpHXnH3ski1astaw5JJbyzL+oXwCg=</latexit>

2
<latexit sha1_base64="fYpBIfYkVgQNWtDfbt/Ry7SmP6Q=">AAACc3icfVFNSwMxEE3X7/Vbj15Ca8GLZbcW9Fjw4rEFq0K7lGw6a4PJZklmhbL0F3jVH+cP8W76gbgVHAg83pvJvJmJMyksBsFnxVtb39jc2t7xd/f2Dw6Pjk8erM4Nhx7XUpunmFmQIoUeCpTwlBlgKpbwGL/czvTHVzBW6PQeJxlEij2nIhGcoaO6zeFRLWgE86B/QbgEtTZZRGd4XBkMRprnClLkklnbD4MMo4IZFFzC1B/kFjLGX9gz9B1MmQIbFXOnU1p3zIgm2riXIp2zvysKpqydqNhlKoZju6rNyB+tXmqFyU1UiDTLEVK+6JTkkqKms7npSBjgKCcOMG6EM0v5mBnG0W3H9+uU5xa1+v/TklrMXKDW0paHHoN8BbcRm8zdljTLmYRRVCxySloRx2rqu3uEq9v/Cx6ajfCq0ey2au3W8jLb5IxUyQUJyTVpkzvSIT3CCZA38k4+Kl/emVf1zhepXmVZc0pK4V1+A+wmwCk=</latexit>

3
<latexit sha1_base64="XgeC2IIRbpdeyNVzqw7vBy8FrXI="></latexit>

4
<latexit sha1_base64="SDL66jN7vAGo+5BbkP0rACN6+qE=">AAACc3icfVFNSwMxEE3Xr7p+Vo9eQmvBi2W3FvRY8OJRwarQLiWbztpgslmSWaEs/QVe9cf5Q7ybfiBuBQcCj/dmMm9m4kwKi0HwWfHW1jc2t6rb/s7u3v7BYe3owerccOhxLbV5ipkFKVLooUAJT5kBpmIJj/HL9Ux/fAVjhU7vcZJBpNhzKhLBGTrqrjM8bAStYB70LwiXoNEli7gd1iqDwUjzXEGKXDJr+2GQYVQwg4JLmPqD3ELG+At7hr6DKVNgo2LudEqbjhnRRBv3UqRz9ndFwZS1ExW7TMVwbFe1GfmjNUutMLmKCpFmOULKF52SXFLUdDY3HQkDHOXEAcaNcGYpHzPDOLrt+H6T8tyiVv9/WlKLmQvUWtry0GOQr+A2YpO525JmOZMwiopFTkkr4lhNfXePcHX7f8FDuxVetNp3nUa3s7xMlZyQOjkjIbkkXXJDbkmPcALkjbyTj8qXd+LVvdNFqldZ1hyTUnjn3/BEwCs=</latexit>

�1(t)p
<latexit sha1_base64="x5IMz86wHVBj0M7Y964uj9IajYY="></latexit>

�1(t)p
<latexit sha1_base64="x5IMz86wHVBj0M7Y964uj9IajYY="></latexit>

�1(t)p
<latexit sha1_base64="x5IMz86wHVBj0M7Y964uj9IajYY="></latexit>

�2(t)q
<latexit sha1_base64="7fvUnaejqLv7nZd5Hd1o+BF0X2w="></latexit>

�2(t)q
<latexit sha1_base64="7fvUnaejqLv7nZd5Hd1o+BF0X2w="></latexit>

�2(t)q
<latexit sha1_base64="7fvUnaejqLv7nZd5Hd1o+BF0X2w="></latexit>
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transition space partitioning into r classes
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Complexity Reduction

transition space partitioning into r classes

expected summary statistic
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Control Problem

Using the Markov property, derive moment equations for

Obtain non-linear, deterministic optimal control problem
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Control Problem

Using the Markov property, derive moment equations for

Obtain non-linear, deterministic optimal control problem

Solve via natural gradient descent in the controls 
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Example Application

Scenario:
Stochastic gene expression

Studied by fluorescence microscopy

Goals:

Parameter estimation

Model comparison

Optimal experiment design

flow

u(t)

Microfluidics Input DesignInference
Single Cell 

Traces

Microscopy

Perturbation:
concentration profile

In-vivo system: 
molecular network 

(kinetic parameters to be 
inferred) in yeast cells

Observation: 
time-lapse fluorescent 
reporter abundance for 

each cell    

u(t)

t

y(t)

y(t)


