
Characterization of  Convex Objective Functions and 
Optimal Expected Convergence Rates of  SGD

Marten van Dijk1, Lam M. Nguyen2 and Dzung T. Phan2
Phuong Ha Nguyen1

1. Secure Computation Laboratory, ECE, University of Connecticut
2. IBM Research, Thomas J. Watson Research Center

International Conference on Machine Learning (ICML)
Long Beach, California, 2019

Marten Lam P. Ha Dzung



Problem Setting
§ Solve

min
$∈&'

{𝐹(𝑤) = 𝐸𝜉[𝑓(𝑤; 𝜉)]}

§ Assumptions
 Convex:

𝑓 𝑤; 𝜉 − 𝑓 𝑤6; 𝜉 ≥ 𝛻𝑓 𝑤6; 𝜉 , 𝑤 − 𝑤6

 Smooth:
||𝛻𝑓 𝑤; 𝜉 − 𝛻𝑓 𝑤6; 𝜉 || ≤ 𝐿||𝑤 − 𝑤6||

§ Find a 𝑤= close to
𝑊∗ = {𝑤∗ ∈ 𝑅A ∶ ∀$∈&', 𝐹 𝑤 ≥ 𝐹 𝑤∗ }

§ Problem: Characterize Expected Convergence Rates

𝐸 inf
E∗∈F∗||wH − w∗||I and 𝐸[𝐹(𝑤=) − 𝐹(𝑤∗)]
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Stochastic Gradient Descend (SGD):

Initialize: 𝑤J
Iterate: 
for 𝑡 = 0, 1, 2, … , do

Choose 𝜂= > 0
Generate random 𝜉=
Compute  𝛻𝑓 𝑤=; 𝜉=
Update   𝑤=RS = 𝑤= − 𝜂= 𝛻𝑓 𝑤=; 𝜉=

end for
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Beyond convex and strongly convex functions

Strongly Convex

𝐹 𝑤 − 𝐹 𝑤∗ ≥ T
I
||𝑤 − 𝑤∗||I

Plain Convex

𝐹 𝑤 − 𝐹 𝑤∗ ≥ 0



𝜔-Convexity

Strongly Convex

𝐹 𝑤 − 𝐹 𝑤∗ ≥ T
I
||𝑤 − 𝑤∗||I

Plain Convex

𝐹 𝑤 − 𝐹 𝑤∗ ≥ 0

𝜔 − Convex

𝜔 𝐹 𝑤 − 𝐹 𝑤∗ ≥ inf
$∗∈F∗

||𝑤 − 𝑤∗||I ,

𝜔6 > 0, 𝜔66 < 0,



𝜔-Convexity with curvature ℎ ∈ [0,1]

Strongly Convex

𝐹 𝑤 − 𝐹 𝑤∗ ≥ T
I
||𝑤 − 𝑤∗||I

Plain Convex

𝐹 𝑤 − 𝐹 𝑤∗ ≥ 0
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$∗∈F∗
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𝜔6 > 0, 𝜔66 < 0,

𝐹 𝑤 − 𝐹 𝑤∗
]
≥ 𝛼 inf

$∗∈F∗
||𝑤 − 𝑤∗||I

ℎ = 0 ℎ = 1ℎ ∈ (0,1)



HEB (Holderian Error Bound): 𝐹 𝑤 − 𝐹 𝑤∗
] ≥ 𝛼 inf

$∗∈F∗ ||𝑤 − 𝑤∗||
I, where ℎ ∈ 0,2 .

HEB and 𝜔-convexity are not subclasses of one another but they do intersection for ℎ ∈ 0,1 .
[Bolte, J., Nguyen, T. P., Peypouquet, J., and Suter, B. W. From error bounds to the complexity of first 
order descent methods for convex functions. Mathematical Programming, 165(2):471–507, Oct 2017]

𝜔-Convexity with curvature ℎ ∈ [0,1]
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ℎ = 0 ℎ = 1ℎ ∈ (0,1)



Close to optimal stepsize

Strongly Convex

𝐹 𝑤 − 𝐹 𝑤∗ ≥ T
I
||𝑤 − 𝑤∗||I

Plain Convex

𝐹 𝑤 − 𝐹 𝑤∗ ≥ 0

𝜔 − Convex

𝜔 𝐹 𝑤 − 𝐹 𝑤∗ ≥ inf
$∗∈F∗

||𝑤 − 𝑤∗||I ,

𝜔6 > 0, 𝜔66 < 0,

𝐹 𝑤 − 𝐹 𝑤∗
]
≥ 𝛼 inf

$∗∈F∗
||𝑤 − 𝑤∗||I

𝜂= =
`

HRa b/ def

𝐶𝑙𝑜𝑠𝑒 𝑡𝑜 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑠𝑡𝑒𝑝𝑠𝑖𝑧𝑒

ℎ = 0 ℎ = 1

ℎ ∈ (0,1)

SGD



Convergence Rate of  SGD
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[Useless,0] [Useful,1] 

[Useful,0] [Useful,1] 

0 ← ℎ → 1
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h= ½ 

𝐹 𝑤 = 𝐻 𝑤 + 𝜆𝐺 𝑤 , 𝐻 𝑤 − 𝑐𝑜𝑛𝑣𝑒𝑥

𝐺 𝑤 = s
tuS

A

[𝑒$�+𝑒r$� − 2 − 𝑤t
I]



Experiment
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Curvature 0 (convex) Curvature unknown

Curvature ½ Curvature 1 (strongly convex)

𝑓t 𝑤 = log(1 + exp(−𝑦t𝑥t
�𝑤)) 𝑓t

� 𝑤 = 𝑓t 𝑤 + 𝜆 𝑤

𝑓t
` 𝑤 = 𝑓t 𝑤 +

𝜆
2

𝑤
I𝑓t

� 𝑤 = 𝑓t 𝑤 + 𝜆𝐺 𝑤

𝐺 𝑤 = s
tuS

A

[𝑒$�+𝑒r$� − 2 − 𝑤t
I]



Conclusion
§ 𝜔-convexity	notion:	plain	convex,	strongly	convex	and	something	in	between
§ SGD	with	 𝜔-convex	objective	functions
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Thank you for your attention! J
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