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Bellman Operators

• The Bellman equation

Q∗(s, a) = R(s, a) + γ
∑
s′

P (s′|s, a) max
a′

Q∗(s′, a′).

- The optimal policy should be greedy w.r.t. actions

• The Bellman operator

T Q(s, a) = R(s, a) + γ
∑
s′

P (s′|s, a) max
a′

Q(s′, a′)

- Widely used in reinforcement learning, e.g., deep
Q-networks [Mnih et al., 2015, Nature]

- A contraction
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Bellman Operators (Cont.)

• The mellowmax operator [Asadi and Littman, 2017, ICML]

max
a′

Q(s′, a′) −→−→
log
(

1
m

∑
a′ exp[ωQ(s′, a′)]

)
ω

- The log-sum-exp function has been extensively
used [Todorov, 2007, Fox et al., 2016, Schulman et al., 2017,
Haarnoja et al., 2017, Neu et al., 2017, Nachum et al., 2017]

- A contraction
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Bellman Operators (Cont.)

• The softmax operator

max
a′

Q(s′, a′) −→−→
∑
a′

exp[τQ(s′, a′)]∑
ā exp[τQ(s′, ā)]

Q(s′, a′)

Can be a non-contraction [Littman, 1996]
Mainly used for Boltzmann exploration [Sutton and Barto, 1998]

Question: Is softmax really as bad as sour milk (credits go to Ron Parr),
when updating the value function?
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Experiments setup

• S-D(D)QN: Replacing the max function in the target network of
D(D)QN with the softmax function

• All other steps same as [Mnih et al., 2015, Nature]

• Code available at https://github.com/zhao-song/Softmax-DQN,
built upon Nathan Sprague’s implementation.
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Results on Atari games
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A revisit of the softmax Bellman operator is warranted!

5



Main theorem

Definition: δ̂(s) , sup
Q

max
i,j
|Q(s, ai)−Q(s, aj)|

Assumption: δ̂(s) > 0

Performance bound: Assuming δ̂(s) > 0, then ∀(s, a),

• lim sup
k→∞

T k
softQ0(s, a) ≤ Q∗(s, a) and

• lim inf
k→∞

T k
softQ0(s, a) ≥ Q∗(s, a) − γ(m− 1)

(1− γ)
max

{ 1

τ + 2
,

2Qmax

1 + exp(τ)

}
Convergence Rate: Tsoft converges to T with an exponential rate, in
terms of τ , i.e., the upper bound of T kQ0 − T k

softQ0 decays exponentially
fast, as a function of τ , the inverse temperature parameter.
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Overestimation bias reduction

Assumptions: Same as DDQN [van Hasselt et al., 2016]

Smaller Error: The overestimation errors from Tsoft are smaller or equal to
those of T using the max operator, for any τ ≥ 0;

Reduction Bound: The overestimation reduction by using Tsoft in lieu of

T is within
[ δ̂(s)

m exp[τ δ̂(s)]
, (m− 1) max{ 1

τ + 2
,

2Qmax

1 + exp(τ)
}
]
;

Monotonicity: The overestimation error for Tsoft monotonically increases
w.r.t. τ ∈ [0,∞).
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Simulated example
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Figure 1: The mean and one standard deviation for the overestimation error for
different values of τ .
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Effects on DQNs

Q-value and gradient norm for different methods
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Comparison among different Bellman operators

Table 1: A comparison of different Bellman operators (B.O. Bellman optimality;
O.R. overestimation reduction; P.R. policy representation; D.Q. double
Q-learning).

B.O. Tuning O.R. P.R. D.Q.

Max Yes No - Yes Yes
Mellowmax No Yes Yes No No
Softmax No Yes Yes Yes Yes
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Welcome to our poster tonight, #40

Thank You
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