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Additional goals
The association among 
multiple graphs should
be consistent.
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Find an association among 
graph nodes to show why 
graphs are similar. This 
allows, e.g., knowledge 
transfer.

The distance function 
should satisfy intuitive 
properties of metrics.
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n-metrics
d(G1, G2) � 0,

d(G1, G2) = 0, i↵ G1, G2 are not distinct (isomorphic),

d(G1, G2) = d(G2, G1),

d(G1, G3)  d(G1, G2) + d(G2, G3).

d(G1, G2, G3)  d(G2, G3, G4) + d(G1, G3, G4) + d(G1, G2, G4)

1

3 2
 1

3 2

1
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+

1 2
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+

1 2

3 4
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3 4
+



Average Centroid Complete Median Single Ward Weighted

NetAlignBP

SparseIsoRank

IsoRank

NetAlignMR

Natalie

DSL1

DSL2

ORTHOP

ORTHFR
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

1. Some algorithms can use the metric property to save computation time.
E.g. a simple randomized algorithm can solve in

2. Some algorithms show better accuracy when using metrics.

Why is this important?

max
G1,G22S

d(G1, G2)

O(|S|) (1/2-approx. in expectation) v.s. O(|S|2)

E.g. we can cluster graphs using 
distance-based clustering, and when we 
do so, we observe that using metrics 
results in better clustering performance 
than when using non-metrics.
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Given a metric d(Gi, Gj), an easy way to obtain an n-metric is to define

If d(Gi, Gj) returns an assignment Pij , we might not have consistency.

d(G1, . . . , Gn) =
X

(i,j)

d(Gi, Gj) ?

P ⇤
12P

⇤
23 6= P ⇤

13

0     0     1     0     0     0
0     0     0     0     0     1
0     1     0     0     0     0
0     0     0     1     0     0
0     0     0     0     1     0
1     0     0     0     0     0

P ⇤
13 =

0     0     1     0     0     0
0     0     0     1     0     0
0     0     0     0     1     0
0     1     0     0     0     0
0     0     0     0     0     1
1     0     0     0     0     0
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0     0     0     0     0     1
0     0     0     1     0     0
0     0     1     0     0     0
0     0     0     0     1     0
0     1     0     0     0     0
1     0     0     0     0     0
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23 =

1

1

2

2

3

3

4

4

4
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5
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Attempt 1



This is called the Fermat distance associated with d.

d(G1, . . . , Gn) = min
G0

nX

i=1

d(Gi, G0)

G1

G2
G3

G4 G5

We want G0 to be close to all of the Gi ‘s. If we can 
find such a G0, then the graphs are similar. If d(Gi, 
G0) returns an assignment Pi0, and we define Pij = 
Pi0(Pj0)T then we have consistency.

G0

Attempt 2
Another easy way to obtain an n-metric is to define

However, the optimization over G0 makes this definition hard to use.



Our definition: g-align
Under an appropriate choice of C, the following are n-metrics, reduce to 
solving a convex optimization problem, and satisfy a relaxed notion of 
alignment consistency.

d(G1, ..., Gn) = min
Pi,j2C
Pi,i=I
P⌫0

1

2

X

i,j2[n]

kAiPi,j � Pi,jAjk

d(G1, ..., Gn) = min
Pi,j2C
Pi,i=I

kPk⇤mn

1

2

X

i,j2[n]

kAiPi,j � Pi,jAjk

C = some convex set of matrices



For details, check Thursday’s 
poster session 

Pacific Ballroom #145


