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Concentration Inequality for CVaR
(Brown 2007)

Theorem 1. Ifsupp(X) C |a, b] and X has a continuous
distribution function, then for any § € (0, 1],

Pr (C(X) < 6+(ba,)\/5ln(3/5)) >1- 6.

amn

Theorem 2. If supp(X) C |a, b], then for any § € (0, 1],

Pr (C(X) >@ba\/ln(1/5)) > 1 -4

Q 2n



New Concentration Inequalities for CVaR

Theorem 3. If X1, ..., X,, are independent and identically distributed random variables and Pr(X, < b) = 1 for some
finite b, then for any 6 € (0,0.5],

n . —l_
1 i In(1/6)
Pr | CVaR,(Xy) < Z,,41 — — Ziv1— 2;) | — — —(1-— >1-9,
| OVl (X) < Zos = £ 3 (2 )(n S — a))
where Z1, ..., Z, are the order statistics (i.e., X1,..., X, sorted in ascending order), Z, .1 = b, and ™ := max{0, z}
forall x € R.
Theorem 4. If X, ..., X,, are independent and identically distributed random variables and Pr(X, > a) = 1 for some

finite a, then for any 6 € (0,0.5],

g, . [In(1/0) "
. [} 1
Pr | CVaRo(X1) > Z, — — > (Zigr — Zy) (mm {1, ~+ } —(1-— a)) >1 -9,

2n
i=0

where Z1, . .., Z, are the order statistics (i.e., X1, ..., X, sorted in ascending order), Zy = a, and where ™ := max{0, z}
forall x € R.

Figure 2. Main results, presented in a standalone fashion, and where ™ := max{0, 2} for all z € R.




Concentration Inequalities for CVaR

* Theorem 5: Our lower bound is a strict improvement on Brown’s if
n > 3.

 Empirical Results: Our bounds are significant improvements on
Brown’s.

* Drawbacks:
e Our inequalities are not in as neat of a form
e Our inequalities have the same asymptotic rates as Brown’s
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Figure 5. In all cases, red = Theorems 3 and 4, blue = Brown, dotted-black = sample CVaR, and solid-black = actual CVaR. On the left, the second line is the horizontal axis label.
In some cases the actual CVaR (solid-black) obscures the sample CVaR (dotted-black) and our theorems (red).
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