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Image Inverse Problems

Find x from observation y = Ax+ ξ

y ∈ Rm observation

x ∈ Rn unknown input

A ∈ Rm×n degradation operator

ξ random noise, generally ξ ∼ N (0, σ2 Idm)
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Maximum A-Posteriori

Find x from observation y = Ax+ ξ

Maximum A-Posteriori

x∗ ∈ arg min
x∈Rn

f(x) + g(x)

⇐⇒ arg minx∈Rn
data-fidelity

+
prior

e.g. f(x) = 1
2 ||Ax− y||
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Plug & Play (PnP) [Venkatakrishnan et al., ’13]

Find x from observation y = Ax+ ξ

Maximum A-Posteriori

x∗ ∈ arg min
x∈Rn

f(x) + g(x)

7 unknown prior

Plug-and-Play (PnP)

3 SOTA restoration
7 no minimization problem

7 no convergence guarantees
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Maximum A-Posteriori

x∗ ∈ arg min
x∈Rn

f(x) + g(x)

7 unknown prior

Plug-and-Play (PnP)

3 SOTA restoration
7 no minimization problem

7 no convergence guarantees

Minimize
arg min
x∈Rn

f(x) + g(x)

Proximal algorithms

PGD: xk+1 = Proxτg ◦ (Id−τ∇f)(xk)
DRS: xk+1 = 1

2
xk +

1
2
(2Proxτg − Id) ◦ (2Proxτf − Id)(xk)

Proximal operator :

Proxτg(y) = arg min
x∈Rn

1

2τ
||x− y||2 + g(x)

⇔ Gaussian Denoising MAP with prior g (σ2 = τ)

PnP algorithms

PnP-PGD: xk+1 = Dσ ◦ (Id−τ∇f)(xk)
PnP-DRS: xk+1 = 1

2
xk +

1
2
(2Dσ − Id) ◦ (2Proxτf − Id)(xk)
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Prox-PnP

Find x from observation y = Ax+ ξ
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Prox-PnP [Hurault et al, ’22]

x∗ ∈ arg min
x∈Rn

f(x) + φσ(x)

Dσ ≈ Proxτg

Train the denoiser as a gradient descent step
[Hurault et al. ’21, Cohen et al. ’22] :

Dσ = Id−∇gσ

Proposition [Gribonval & Nikolova ’20]

If Id−Dσ = ∇gσ is L-Lipschitz with L < 1 then there ex-
ists a closed-form function φσ, smooth on Im(Dσ), such
that

Dσ = Proxφσ

PnP algorithms

PnP-PGD: xk+1 = Dσ ◦ (Id−τ∇f)(xk)
PnP-DRS: xk+1 = 1

2
xk +

1
2
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Prox-PnP algorithms (τ = 1)

Prox-PnP-PGD: xk+1 = Proxφσ ◦ (Id−∇f)(xk)
Prox-PnP-DRS: xk+1 = 1

2
xk +

1
2
(2Proxφσ − Id) ◦ (2Proxf − Id)(xk)

7 / 13



Prox-PnP

Find x from observation y = Ax+ ξ

Maximum A-Posteriori

x∗ ∈ arg min
x∈Rn

f(x) + g(x)

7 unknown prior
Plug-and-Play (PnP)

3 implicit prior
3 SOTA restoration

7 no minimization problem
7 no convergence guarantees

Prox-PnP [Hurault et al, ’22]

x∗ ∈ arg min
x∈Rn

f(x) + φσ(x)

Dσ ≈ Proxτg

Train the denoiser as a gradient descent step
[Hurault et al. ’21, Cohen et al. ’22] :

Dσ = Id−∇gσ

Proposition [Gribonval & Nikolova ’20]

If Id−Dσ = ∇gσ is L-Lipschitz with L < 1 then there ex-
ists a closed-form function φσ, smooth on Im(Dσ), such
that

Dσ = Proxφσ

PnP algorithms

PnP-PGD: xk+1 = Dσ ◦ (Id−τ∇f)(xk)
PnP-DRS: xk+1 = 1

2
xk +

1
2
(2Dσ − Id) ◦ (2Proxτf − Id)(xk)

Prox-PnP algorithms (τ = 1)

Prox-PnP-PGD: xk+1 = Proxφσ ◦ (Id−∇f)(xk)
Prox-PnP-DRS: xk+1 = 1

2
xk +

1
2
(2Proxφσ − Id) ◦ (2Proxf − Id)(xk)

7 / 13



Prox-PnP

Find x from observation y = Ax+ ξ

Maximum A-Posteriori

x∗ ∈ arg min
x∈Rn

f(x) + g(x)

7 unknown prior
Plug-and-Play (PnP)

3 implicit prior
3 SOTA restoration

7 no minimization problem
7 no convergence guarantees

Prox-PnP [Hurault et al, ’22]

x∗ ∈ arg min
x∈Rn

f(x) + φσ(x)

Dσ ≈ Proxτg

Train the denoiser as a gradient descent step
[Hurault et al. ’21, Cohen et al. ’22] :

Dσ = Id−∇gσ

Proposition [Gribonval & Nikolova ’20]

If Id−Dσ = ∇gσ is L-Lipschitz with L < 1 then there ex-
ists a closed-form function φσ, smooth on Im(Dσ), such
that

Dσ = Proxφσ

PnP algorithms

PnP-PGD: xk+1 = Dσ ◦ (Id−τ∇f)(xk)
PnP-DRS: xk+1 = 1

2
xk +

1
2
(2Dσ − Id) ◦ (2Proxτf − Id)(xk)

Prox-PnP algorithms (τ = 1)

Prox-PnP-PGD: xk+1 = Proxφσ ◦ (Id−∇f)(xk)
Prox-PnP-DRS: xk+1 = 1

2
xk +

1
2
(2Proxφσ − Id) ◦ (2Proxf − Id)(xk)

7 / 13



Prox-PnP

Find x from observation y = Ax+ ξ

Maximum A-Posteriori

x∗ ∈ arg min
x∈Rn

f(x) + g(x)

7 unknown prior
Plug-and-Play (PnP)

3 implicit prior
3 SOTA restoration

7 no minimization problem
7 no convergence guaranteesProx-PnP [Hurault et al, ’22]

x∗ ∈ arg min
x∈Rn

f(x) + φσ(x)

3 explicit prior
3 minimization problem

Dσ ≈ Proxτg

Prox-Denoiser
Dσ = Proxφσ

8 / 13



Prox-PnP

Find x from observation y = Ax+ ξ

Maximum A-Posteriori

x∗ ∈ arg min
x∈Rn

f(x) + g(x)

7 unknown prior
Plug-and-Play (PnP)

3 implicit prior
3 SOTA restoration

7 no minimization problem
7 no convergence guaranteesProx-PnP [Hurault et al, ’22]

x∗ ∈ arg min
x∈Rn

f(x) + φσ(x)

3 explicit prior
3 minimization problem

Dσ ≈ Proxτg

Prox-Denoiser
Dσ = Proxφσ

Proposed non-convex potential [Hurault et al. ’21]:

gσ(x) =
1

2
||x−Nσ(x)||2

with a C2 neural network Nσ : Rn → Rn (e.g. DRUNet [Zhang
et al. ’21] with softplux activations).

Training loss :

Ex,ξσ
[
||Dσ(x+ ξσ)− x||2 + µmax(||J(Id−Dσ)(x+ ξσ)||S , 1− ε)

]
3 Dσ achieves performant denoising.

3 ∇gσ = Id−Dσ contractive.
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x∗ ∈ arg min
x∈Rn

f(x) + φσ(x)

3 explicit prior
3 minimization problem

Dσ ≈ Proxτg

Prox-Denoiser
Dσ = Proxφσ

Convergence analysis

Objective function :

F = f + φσ

Prox-PnP-PGD algorithm :

xk+1 = Proxφσ ◦(Id−∇f)(xk)

For Lf < 1,

7 Does not allow for low regulariza-
tion.

F (xk) converges and ||xk+1 − xk|| → 0.

(xk) converges to a critical point of F .
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Prox-PnP-DRS algorithm :
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1

2
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1

2
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Deblurring with motion kernel and Gaussian noise std ν = 0.03
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