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MOT and RMOT : KL projections point of view
❖ Sinkhorn-type algorithms are power-horse of optimal transport! 

❖ While many aspects of their convergence are understood, some questions 
remain open, especially in the multimarginal OT (MOT).  

X =
O

k2[m]

Rnk
+

Let ak 2 �nk , k 2 [m] be prescribed histograms. MOT consists in solving a linear
program

MOT : min
⇡2⇧

hC,⇡i

MOT : ⇡? = argmin
⇡2⇧

hC,⇡i+ ⌘H(⇡)

ak 2 Rnk , kakk1 = 1 - given histograms, k 2 [m].

X = Rn1⇥···⇥nm
+ - vector space of m-dim tensors

C 2 X - given cost tensor

Rk : X ! Rnk - k-th push-forward operator

R : X ! Rn1 ⇥ · · ·⇥ Rnm , R(⇡) = (R1(⇡), . . . ,Rm(⇡)).

⇧=
�
⇡2X

��Rk(⇡)=ak, 8k 2 [m]
 

- transport polytope

⇧={⇡2X |R(⇡) = (a1, . . . , am)} - transport polytope

⌘ > 0 - regularization parameter

H(⇡) =
P

j2J ⇡j(log ⇡j � 1) - (negative) Boltzmann-Shannon entropy

J := {j = (j1, . . . , jk, . . . , jm)|jk 2 [nk], 8k 2 [m]} - multiindices

KL : X⇥ X ! [0,+1] - Kulback-Leibler (KL) divergence

KL(⇡, �) =

8
<

:

X

j2J
⇡j log

⇡j

�j
� ⇡j + �j if ⇡ 2 X+, � 2 X++

+1 otherwise,

RMOT : ⇡? = argmin
Rk(⇡)=ak

k2[m]

KL(⇡, ⇠)

RMOT : ⇡? = P⇧(⇠)

⇠ = rH
⇤(�C/⌘) = exp(�C/⌘) - Gibbs kernel tensor

PC(⇡) := argmin�2C KL(�,⇡) - KL projection on C

KLC(⇡) := KL(PC(⇡),⇡) - KL distance of ⇡ from C
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 BatchGreenkhorn: 
• formulation that allows convergence 
analysis  

• efficient implementations are possible 
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potentialskernel normalization

BatchGreenkhorn algorithm
Key points: 

• the cost of being greedy is  
linear in m and n 

• dual and marginal updates 
can be done in no. of 
operations: 

~ (full kernel) * (tau / n) 

• we can compare w.r.t. 
normalised cycles   
T=1 pass of cyclic Sinkhorn
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3 Greedy KL projections for entropic RMOT

Now we focus on the entropic-regularized MOT problem (??), in the equivalent
form (??). Recalling definition (??), we introduce the linear operator

Then, the constraints in (??) define the affine set

⇧ = {⇡ 2 X | R(⇡) = (a1, . . . , am)}. (3)

We recall that the positiveness constrain embodied in problem (??) can be
absorbed in the entropy function H, since domH = X+, so that problem (??) is

5

KL(⇡?
,⇡

T )  exp

✓
�T exp

⇣
�
2kCk1+3M1

⌘

⌘◆
KL(⇡?

,⇡
0)

b⌧ =
P

k2[m]dnk/⌧ke - total number of batches for m marginals

max
t2N

X

k2[m]

kv
?
k � v

t
kk  M2 =) T  8

⇣
M2

m"
+

4M2
2

9m

⌘

(8T 2 N) KL(⇡?
,⇡

T ) 

0

B@1 �
1

b⌧
e

�
20kCk1

⌘

1

CA

b⌧T

KL(⇡?
,⇡

0)

⌘ > " =) T 
8kCk1(3 + 4kCk1)

⌘"

(8k) ⌧k = nk = n - full batch

(8T 2 N) KL(⇡?
,⇡

T ) 

0

B@1 �
1

m
e

�
(12m� 11)kCk1

⌘

1

CA

mT

KL(⇡?
,⇡

0)

T 
32kCk1

⌘"

a1 a2 a3 R1(⇡
t) R2(⇡

t) R3(⇡
t) R1(⇡

t)| L a1|

e
v
t
1 e

v
t
2 e

v
t
3

v
t
1| v

t
1| + log

a1|

R1(⇡t)|

O

⇣
m

2
kCk1
⌘"

amin

⌘
� O

⇣
kCk1
⌘"

log n
⌘

3 Greedy KL projections for entropic RMOT

Now we focus on the entropic-regularized MOT problem (??), in the equivalent
form (??). Recalling definition (??), we introduce the linear operator

Then, the constraints in (??) define the affine set

⇧ = {⇡ 2 X | R(⇡) = (a1, . . . , am)}. (3)

We recall that the positiveness constrain embodied in problem (??) can be
absorbed in the entropy function H, since domH = X+, so that problem (??) is

5

KL(⇡?
,⇡

T )  exp

✓
�T exp

⇣
�
2kCk1+3M1

⌘

⌘◆
KL(⇡?

,⇡
0)

b⌧ =
P

k2[m]dnk/⌧ke - total number of batches for m marginals

max
t2N

X

k2[m]

kv
?
k � v

t
kk  M2 =) T  8

⇣
M2

m"
+

4M2
2

9m

⌘

(8T 2 N) KL(⇡?
,⇡

T ) 

0

B@1 �
1

b⌧
e

�
20kCk1

⌘

1

CA

b⌧T

KL(⇡?
,⇡

0)

⌘ > " =) T 
8kCk1(3 + 4kCk1)

⌘"

(8k) ⌧k = nk = n - full batch

(8T 2 N) KL(⇡?
,⇡

T ) 

0

B@1 �
1

m
e

�
(12m� 11)kCk1

⌘

1

CA

mT

KL(⇡?
,⇡

0)

T 
32kCk1

⌘"

a1 a2 a3 R1(⇡
t) R2(⇡

t) R3(⇡
t) R1(⇡

t)| L a1|

e
v
t
1 e

v
t
2 e

v
t
3

v
t
1| v

t
1| + log

a1|

R1(⇡t)|

O

⇣
m

2
kCk1
⌘"

amin

⌘
� O

⇣
kCk1
⌘"

log n
⌘

3 Greedy KL projections for entropic RMOT

Now we focus on the entropic-regularized MOT problem (??), in the equivalent
form (??). Recalling definition (??), we introduce the linear operator

Then, the constraints in (??) define the affine set

⇧ = {⇡ 2 X | R(⇡) = (a1, . . . , am)}. (3)

We recall that the positiveness constrain embodied in problem (??) can be
absorbed in the entropy function H, since domH = X+, so that problem (??) is

5

KL(⇡?
,⇡

T )  exp

✓
�T exp

⇣
�
2kCk1+3M1

⌘

⌘◆
KL(⇡?

,⇡
0)

b⌧ =
P

k2[m]dnk/⌧ke - total number of batches for m marginals

max
t2N

X

k2[m]

kv
?
k � v

t
kk  M2 =) T  8

⇣
M2

m"
+

4M2
2

9m

⌘

(8T 2 N) KL(⇡?
,⇡

T ) 

0

B@1 �
1

b⌧
e

�
20kCk1

⌘

1

CA

b⌧T

KL(⇡?
,⇡

0)

⌘ > " =) T 
8kCk1(3 + 4kCk1)

⌘"

(8k) ⌧k = nk = n - full batch

(8T 2 N) KL(⇡?
,⇡

T ) 

0

B@1 �
1

m
e

�
(12m� 11)kCk1

⌘

1

CA

mT

KL(⇡?
,⇡

0)

T 
32kCk1

⌘"

a1 a2 a3 R1(⇡
t) R2(⇡

t) R3(⇡
t) R1(⇡

t)| L a1|

e
v
t
1 e

v
t
2 e

v
t
3

v
t
1| v

t
1| + log

a1|

R1(⇡t)|

O

⇣
m

2
kCk1
⌘"

amin

⌘
� O

⇣
kCk1
⌘"

log n
⌘

3 Greedy KL projections for entropic RMOT

Now we focus on the entropic-regularized MOT problem (??), in the equivalent
form (??). Recalling definition (??), we introduce the linear operator

Then, the constraints in (??) define the affine set

⇧ = {⇡ 2 X | R(⇡) = (a1, . . . , am)}. (3)

We recall that the positiveness constrain embodied in problem (??) can be
absorbed in the entropy function H, since domH = X+, so that problem (??) is

5

KL(⇡?
,⇡

T )  exp

✓
�T exp

⇣
�
2kCk1+3M1

⌘

⌘◆
KL(⇡?

,⇡
0)

b⌧ =
P

k2[m]dnk/⌧ke - total number of batches for m marginals

max
t2N

X

k2[m]

kv
?
k � v

t
kk  M2 =) T  8

⇣
M2

m"
+

4M2
2

9m

⌘

(8T 2 N) KL(⇡?
,⇡

T ) 

0

B@1 �
1

b⌧
e

�
20kCk1

⌘

1

CA

b⌧T

KL(⇡?
,⇡

0)

⌘ > " =) T 
8kCk1(3 + 4kCk1)

⌘"

(8k) ⌧k = nk = n - full batch

(8T 2 N) KL(⇡?
,⇡

T ) 

0

B@1 �
1

m
e

�
(12m� 11)kCk1

⌘

1

CA

mT

KL(⇡?
,⇡

0)

T 
32kCk1

⌘"

a1 a2 a3 R1(⇡
t) R2(⇡

t) R3(⇡
t) R1(⇡

t)| L a1|

e
v
t
1 e

v
t
2 e

v
t
3

v
t
1| v

t
1| + log

a1|

R1(⇡t)|

O

⇣
m

2
kCk1
⌘"

amin

⌘
� O

⇣
kCk1
⌘"

log n
⌘

3 Greedy KL projections for entropic RMOT

Now we focus on the entropic-regularized MOT problem (??), in the equivalent
form (??). Recalling definition (??), we introduce the linear operator

Then, the constraints in (??) define the affine set

⇧ = {⇡ 2 X | R(⇡) = (a1, . . . , am)}. (3)

We recall that the positiveness constrain embodied in problem (??) can be
absorbed in the entropy function H, since domH = X+, so that problem (??) is
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Now we focus on the entropic-regularized MOT problem (??), in the equivalent
form (??). Recalling definition (??), we introduce the linear operator

Then, the constraints in (??) define the affine set
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Now we focus on the entropic-regularized MOT problem (??), in the equivalent
form (??). Recalling definition (??), we introduce the linear operator

Then, the constraints in (??) define the affine set
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3 Greedy KL projections for entropic RMOT

Now we focus on the entropic-regularized MOT problem (??), in the equivalent
form (??). Recalling definition (??), we introduce the linear operator

Then, the constraints in (??) define the affine set

⇧ = {⇡ 2 X | R(⇡) = (a1, . . . , am)}. (3)

We recall that the positiveness constrain embodied in problem (??) can be
absorbed in the entropy function H, since domH = X+, so that problem (??) is
equivalent to the computation of the KL projection of the Gibbs kernel ⇠ onto
the affine set ⇧. In order to compute such projection, in the following, we will
represent the set ⇧ as an intersection of simpler affine sets and then we will use
the alternating KL projection algorithm. More precisely, we will rewrite the set
(33) as an intersection of affine sets, obtained via specific sketching, on which KL
projections have closed forms.
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Now we focus on the entropic-regularized MOT problem (??), in the equivalent
form (??). Recalling definition (??), we introduce the linear operator
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Key tools for convergence theory: 

•Pythagoras theorem 

•symmetric Bregman decomposition 

•Pinsker inequality 

•strong convexity of H and H* on bounded sets

BatchGreenkhorn algorithm

⇧(k,L) := {⇡ 2 X | (Rk(⇡))|L = ak|L}

⌧ = (⌧k)1km - vector of batch sizes

I(⌧) = {(k, L) | k 2 [m], L ⇢ [nk] | |L|  ⌧k} - admissible choices

⇧=
\

(k,L)2I(⌧)

⇧(k,L)

⇧=
\

i2I(⌧)

⇧i

⇡
0 = ⇠ �

O

k2[m]

ak - starting point

IBP - iterative Bregman projection algorithm

for t = 0, 1, . . .�
choose (k, L) 2 I(⌧),
⇡
t+1 = P⇧(k,L)

(⇡t).

KL⇧(⇡t+1) = KL⇧(⇡t)� KL(⇡t+1
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t) - Pythagoras theorem

KL⇧(k,L)
(⇡) = KL(ak|L,Rk(⇡)|L) - distance is known without projecting

(kt, Lt) = argmax
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KL⇧(k,L)
(⇡t) - the most remote set ⌘ greedy choice
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3 Greedy KL projections for entropic RMOT

Now we focus on the entropic-regularized MOT problem (??), in the equivalent
form (??). Recalling definition (??), we introduce the linear operator

Then, the constraints in (??) define the affine set

⇧ = {⇡ 2 X | R(⇡) = (a1, . . . , am)}. (3)

We recall that the positiveness constrain embodied in problem (??) can be
absorbed in the entropy function H, since domH = X+, so that problem (??) is
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Convergence results

existing results improved 

our new results 



Performance w.r.t normalised iterations and time
Computation of free-support Wasserstein Barycenter of 3 histograms of image data

In this simple experiment RMOT for m=3 is 
solved for n = 400 (above) and n = 256, 400, 
576 (bellow). 

Above, we observe that w.r.t. normalised 
iterations the Sinkhorn algorithm is less 
efficient than the Batch Greenkhorn.   

Bellow, we see that Batch Greenkhorn can 
even speed up (cyclic / greedy) Sinkhorn by 
tuning the batch size to exploit the 
adversarial effects of the convergence speed 
(iteration complexity) vs. parallelisation of 
kernel operations (computational complexity).



Contributions
We introduce and study BatchGreenkhorn as a new algorithmic framework for 
RMOT which comes with some theoretical and practical benefits:

❖ in bi-marginal OT it covers Sinkhorn and Greenkhorn,  in RMOT it covers 
(greedy) MultiSinkhorn of Lin et al. (2020) 

❖ we study convergence theory in primal iterates and provide global linear 
convergence rate and iteration complexity 

❖ our results improve existing ones and fill some gaps in literature

❖ flexibility of the batch provides practical advantages



Thank you!


