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The convex minimization formulation

f*= min f(z) (argmin — z*)
TirxeX

LY. Nesterov, “Introductory lectures on convex optimization: A basic course,” Springer Science, 2013.

2|Lan, Guanghui. First-order and Stochastic Optimization Methods for Machine Learning. Springer Nature, 2020.
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The convex minimization formulation

f*= min f(z) (argmin — z*)
TirxeX

o In the sequel,

> the set X is convex and compact subset of R?

> the objective function f is convex

> The solution set S* := {x* € dom (f) N X : f(x*) = f*} is non-empty.

LY. Nesterov, “Introductory lectures on convex optimization: A basic course,” Springer Science, 2013.

2|Lan, Guanghui. First-order and Stochastic Optimization Methods for Machine Learning. Springer Nature, 2020
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What are the basic solution methods ?
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First-Order Methods

First-order methods: iterative methods using first-order information (gradient queries)
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First-Order Methods

First-order methods: iterative methods using first-order information (gradient queries)

The optimizer has access to: ~
x¥ = g = VIEF) 4+ U, (SFO)
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First-Order Methods

First-order methods: iterative methods using first-order information (gradient queries)

The optimizer has access to:

The “noise" term U, satisfies,

» Zero-Mean:

> Finite variance almost surely:

xF - gt = %f(xk) + Uk

E[Ug|Fr] =0

|UelI? < 02 almost surely

los@epfl.ch Slide 4/ 17
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First-Order Methods

First-order methods: iterative methods using first-order information (gradient queries)

The optimizer has access to: ~
x¥ = g = VIEF) 4+ U, (SFO)

The “noise" term U, satisfies,
» Zero-Mean:
E[Ug|Fr] =0

> Finite variance almost surely:
|UelI? < 02 almost surely

Examples:
> Perfect gradient: Uy =0
> Stochastic gradients: Uy = VF(X¢;wg) — Vf(Xg) (minibatch etc..)
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What is achievable with first-order methods?
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Lipschitz Regularity Conditions

Theoretical guarantees require some degree of regularity
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Lipschitz Regularity Conditions

Theoretical guarantees require some degree of regularity

> Bounded gradients / operators:
V(@) <G
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Lipschitz Regularity Conditions

Theoretical guarantees require some degree of regularity

> Bounded gradients / operators:
V(@) <G

> Lipschitz continuity of the gradients / operators:

[VF(z) = Vi@« < Lijz — 2|
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Worst-case iteration complexities of first-order methods'?

f(z) gradient oracle L-smooth Stationarity measure GD/SGD Accelerated GD/SGD
i ky _ f* = 1 1
Convex stochastic yes f(z®) = f O ( \/E) O ( \/E)
P k _ 1 1
Convex deterministic yes f(x®) — f* = (@] (F (@] (kj-)
. R ky _ g* _ 1 1
Convex stochastic/deterministic no f(x®) = f (@] ( \/E) o ( \/E)

lY Nesterov, “Introductory lectures on convex optimization: A basic course,” Springer Science, 2013.

ZY Carmon, J.C. Duchi, O. Hinder, and A. Sidford, “Lower bounds for finding stationary points I-IIl." Mathematical Programming, 2019
3D. Davis and D. Drusvyatskiy, “Stochastic model-based minimization of weakly convex functions,” SIOPT, 2019.

45. Ghadimi and G. Lan, “Accelerated gradient methods for nonconvex nonlinear and stochastic programming," MathProg, 2016.
5). Zhang, et al., "On complexity of finding stationary points of nonsmooth nonconvex functions,” arXiv:2002.04130, 2020

60. Shamir, “Can We Find Near-Approximately-Stationary Points of Nonsmooth Nonconvex Functions?" arXiv:2002.11962, 2020.

7V Cevher and B.C. Vu, “On the linear convergence of the stochastic gradient method with constant step-size," Optimization Letters, 2019.
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Can we achieve optimal performance with a single method?
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Universal methods

Universal methods: Achieve optimal rates without knowing the regularity in advance
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Universal methods
Universal methods: Achieve optimal rates without knowing the regularity in advance

First approach:
> Nesterov [4]
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Universal methods
Universal methods: Achieve optimal rates without knowing the regularity in advance

First approach:
> Nesterov [4]

> Uses line-search
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Universal methods
Universal methods: Achieve optimal rates without knowing the regularity in advance

First approach:
> Nesterov [4]

> Uses line-search
> not appropriate for noise adaptivity
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Universal methods
Universal methods: Achieve optimal rates without knowing the regularity in advance

First approach:
> Nesterov [4]

> Uses line-search
> not appropriate for noise adaptivity

> [UniXGrad] [3]

> updates its step-size policy "on the fly"
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Universal methods
Universal methods: Achieve optimal rates without knowing the regularity in advance

First approach:
> Nesterov [4]

> Uses line-search
> not appropriate for noise adaptivity

> [UniXGrad] [3]

> updates its step-size policy "on the fly"
> adaptive to noise
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SOTA: The UniXGrad Method

o For brevity, let us denote stochastic gradient of f at z as %f(a:)

UniXGrad [3]

1. Choose x¥ € X arbitrarily as a starting point. Set oy, = k.
2. For k=1,2,..., iterate

X2 = argmingex ax(VF(EF),x) + 2= Dj (x, %)

xk+1 = arg minyecx ak<Vf(ik+1/2), X) + %Dh(x,xk)
D

Vk+1 = = =
\/GZ+Z’_§=1 2|V f(xH1/2) -V £ (x9) |2

3. Output xk+1/2

o Bregman divergence w.r.t 1-strongly convex function h: Dp(x,y) = h(x) — h(y) — (Vh(y),x — y)

o Optimistic average iterates [5, 2]:
k+1/2 k-1 s+1/2 k k-1 s+1/2
X Dy X D DN T

X
Zle Qs Zle s
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Convergence rates of UniXGrad And The Curse of Dimensionality

Oracle fe) Assumptions Convergence rate
E[Vix)|x]| =Vf(x
Stochastic L-smooth N[ J @)l ] J(x) O ("71% + L_k’;)
E[IVf(x) - VI)?x] < o?
E[Vix)x| =Vix
Stochastic || non-smooth [ 1)l ] 1) [0 (G_\/DE)

V()2 < G2

Main drawback These convergence rates crucially rely on the uniform boundedness of the
underlying Bregman divergence!
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Why do we care?
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Dimension scalability of universal methods

o Bounded Bregman diameter does not provide almost-dimension free rates under favourable geometry !
> Simplex/trace constrained convex/semidefinite Programs

» Combinatorial bandits
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Dimension scalability of universal methods

o Bounded Bregman diameter does not provide almost-dimension free rates under favourable geometry !
> Simplex/trace constrained convex/semidefinite Programs

» Combinatorial bandits

. Bregman Range Rate Rate
D X h
omain (X)  piometer (Bn) (Rn = h(z) — mink) rPe () (L = ) (L < 00, o = 0)
EUCLIDEAN any below O(1) o(1) Vd O(+/d/T) O(d/T)
ENTROPIC simplex 0 log d 1 O(4/logd/T) O(logd/T)
VoN NEUMANN  spectrahedron 0o logd 1 O(+/logd/T) O(logd/T)
CoMBAND conv(A) 0 O(logd) 1 O(4/logd/T) O(logd/T)

Slide 13/ 17 EPFL
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Can we achieve almost dimension-free rates & order-optimal dependence ?
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The UnderGrad method

Dual Extrapolation

> Leading state via a prox-step (primal update)
xFH2 = P (—y VF(xF))
with Px(y) = argminy/cx {(y,x — x’) + D(x/,x)}

> Oracle’s feedback at xT1/2, ¥ f(xt+1/2)
> Gradients aggregation (dual update)

yk+1 — yk _ Vf(xt+1/2)
> Update via a mirror step (primal-dual update)

k+1 k:+1)

X" = Q(Yk41y

with Q(v) = arg max, c »{(v,x) — h(x)}

\{

v

kyk k=1 _o_ k+1/2
arx +Zj:1 O‘jx

Averaged iterates: x" = -
21"

kimon los@epfl.ch
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UnderGrad [1]
Leading state via a prox-step (primal update)

yhH1/2 ke oV ()
xk+1/2 — Q(’kak+l/2)
Oracle's feedback at XtT1/2, j.e., %f(ka“l/Z)
Gradients aggregation (dual update)
yk+1 _ yk _ aktvf(ik'Jfl/Q)
Update via a mirror step (primal-dual update)

X = Qv

k—1
akxk+1/2 4 Zj:1 a]zxkﬂ/z

%
Zj:l ak

xh+1/2 —
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Almost-dimension free convergence guarantees

Theorem
Assume that x* k =1/2,1... are the UnderGrad run with:

b
Vor + Tl eI r2) - G 2

Vo =

with ap, = k, a = VKp, b= Cp/Kn, Cy, = v/ Rn + Kn||X||2, R, = maxh — minh and
Xit1/2 = (23:1 as) 1 Zf:l asx5t1/2 then the following hold:
a) If f has bounded gradients, then

Ky +8(G? + 02)

E[f(Xp41/2) — min f] < 20} Kok (1a)
b) If f has Lipschitz continuous gradient, then
_ , 32V2C2L  82Cho
E[f(Re11/2) — min f] < E . (1b)

Kpk2 Knk
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Conclusions

Design first order methods which exhibit optimal performance both in iterations and in dimensional dependence
for convex programming!
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Conclusions

Design first order methods which exhibit optimal performance both in iterations and in dimensional dependence
for convex programming!

> What about higher order methods?
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Conclusions

Design first order methods which exhibit optimal performance both in iterations and in dimensional dependence
for convex programming!

> What about higher order methods?
> What about VI's /min-max?
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Conclusions

Design first order methods which exhibit optimal performance both in iterations and in dimensional dependence
for convex programming!

> What about higher order methods?
> What about VI's /min-max?

Thank you!
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