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Surrogate Loss versus Target Loss
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Estimation error:  ℛℓ(h) − ℛ*ℓ,ℋ
Target loss            Surrogate loss
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Standard Binary Classification

?
    Excess error bound ( -consistency bound)ℋall

Family of all measurable functions:   

All distributions: 

(Zhang, 04a; Bartlett et al., 06; Mohri et al., 18)

ℋall
𝒫all

:  margin-based loss                        ℓ1 ϕ ℓ2 :  stanard 0/1 loss ℓ0−1



Standard Binary Classification

:  margin-based loss                        ℓ1 ϕ ℓ2 :  stanard 0/1 loss ℓ0−1

General hypothesis sets:  

Distribution-independent and distribution-dependent

(Our contribution)

ℋ

?
                       -consistency boundℋ



Adversarial Attacks (Szegedy et al., 13)

Correct Attack Ostrich Correct Attack Ostrich



Adversarially Robust Classification

: supremum-based margin-based loss                         ℓ1 ϕ̃ ℓ2 :  adversarial 0/1 loss ℓγ?

                       Adversarial -consistency boundℋ

General hypothesis sets:  

Distribution-independent and distribution-dependent

(Our contribution)

ℋ

ϕ̃ = sup
x′ : ∥x−x′ ∥≤γ

ϕ(yf(x′ )) ℓγ = sup
x′ : ∥x−x′ ∥≤γ

ℓ0−1(yf(x′ ))



-Consistency Bounds Analysisℋ

ℛℓ2
(h) − ℛ*ℓ2,ℋ

≤ f (ℛℓ1
(h) − ℛ*ℓ1,ℋ)

Inverse of -estimation error transformation + Minimizability gapℋ



Minimizability Gap

ℳℓ,ℋ = ℛ*ℓ,ℋ − 𝔼X [𝒞*ℓ,ℋ(x)]
difference of the best-in class error and 

the expectation of the minimal conditional-risk

𝒞*ℓ,ℋ(x) = inf
h∈ℋ

[𝒟(Y = 1 ∣X = x)ℓ(h, x, + 1) + (1 − 𝒟(Y = 1 ∣X = x))ℓ(h, x, − 1)]



Minimizability Gap

ℳℓ,ℋ = ℛ*ℓ,ℋ − 𝔼X [𝒞*ℓ,ℋ(x)]
difference of the best-in class error and 

the expectation of the minimal conditional-risk

𝒞*ℓ,ℋ(x) = inf
h∈ℋ

[𝒟(Y = 1 ∣X = x)ℓ(h, x, + 1) + (1 − 𝒟(Y = 1 ∣X = x))ℓ(h, x, − 1)]

we cannot hope to estimate or minimize.



-Estimation Error Transformationℋ
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Where 𝒯(t) := inf
x∈𝒳,h∈ℋ:h(x)<0

Δ𝒞Φ,ℋ (h, x,
t + 1
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Tightness!



-Estimation Error Transformationℋ
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Conclusion

• New estimation error guarantees for both the non-adversarial 0/1 loss function and 
the adversarial 0/1 loss function


• Compare different surrogate loss functions of the 0/1 loss or adversarial loss, given 
the specific hypothesis set used


• Theoretical and conceptual tools helpful for the analysis of other loss functions and 
other hypothesis sets


-consistency bounds for both standard and adversarial binary classificationℋ
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• -consistency bounds for other loss functions and other hypothesis sets

• Incorporating the trade-off of the optimization and -consistency bounds

ℋ
ℋ

Future Directions
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