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Diffusion Probabilistic Models (DPMs)
Ho et al. Denoising diffusion probabilistic models (DDPM), Neurips 2020.
Song et al. Score-based generative modeling through stochastic differential equations, ICLR 2021. 
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𝑥0 𝑥1 𝑥𝑁…

Transition of diffusion: 𝑞 𝑥𝑛 𝑥𝑛−1 = 𝑁( 𝛼𝑛𝑥𝑛−1, 𝛽𝑛𝐼) 𝛼𝑛 = 1 − 𝛽𝑛

≈ 𝑁(0, 𝐼)𝑥2

Diffusion process:  𝑞 𝑥0, … , 𝑥𝑁 = 𝑞 𝑥0 𝑞 𝑥1 𝑥0 …𝑞(𝑥𝑁|𝑥𝑁−1)

• Diffusion process gradually injects noise to data

• Described by a Markov chain: 𝑞 𝑥0, … , 𝑥𝑁 = 𝑞 𝑥0 𝑞 𝑥1 𝑥0 …𝑞(𝑥𝑁|𝑥𝑁−1)

Demo Images from Song et al. Score-based generative modeling through stochastic differential equations, ICLR 2021.
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𝑥0 𝑥1 𝑥𝑁…

Transition of denoising: 𝑞 𝑥𝑛−1 𝑥𝑛 =?

≈ 𝑁(0, 𝐼)𝑥2

= 𝑞 𝑥0|𝑥1 …𝑞 𝑥𝑁−1 𝑥𝑁 𝑞(𝑥𝑁)

• Diffusion process in the reverse direction ⇔ denoising process

• Reverse factorization: 𝑞 𝑥0, … , 𝑥𝑁 = 𝑞 𝑥0|𝑥1 …𝑞 𝑥𝑁−1 𝑥𝑁 𝑞(𝑥𝑁)
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Diffusion process:  𝑞 𝑥0, … , 𝑥𝑁 = 𝑞 𝑥0 𝑞 𝑥1 𝑥0 …𝑞(𝑥𝑁|𝑥𝑁−1)



𝑥0 𝑥1 𝑥𝑁…

Transition of denoising: 𝑞 𝑥𝑛−1 𝑥𝑛 =?

≈ 𝑁(0, 𝐼)𝑥2

The model:  𝑝 𝑥0, … , 𝑥𝑁 = 𝑝 𝑥0|𝑥1 …𝑝 𝑥𝑁−1 𝑥𝑁 𝑝(𝑥𝑁)

Model transition: 𝑝 𝑥𝑛−1 𝑥𝑛 = 𝑁(𝜇𝑛 𝑥𝑛 , Σ𝑛(𝑥𝑛))

approximate

• Approximate diffusion process in the reverse direction
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Diffusion process:  𝑞 𝑥0, … , 𝑥𝑁 = 𝑞 𝑥0 𝑞 𝑥1 𝑥0 …𝑞(𝑥𝑁|𝑥𝑁−1)

= 𝑞 𝑥0|𝑥1 …𝑞 𝑥𝑁−1 𝑥𝑁 𝑞(𝑥𝑁)



• We hope 𝑞 𝑥0, … , 𝑥𝑁 ≈ 𝑝 𝑥0, … , 𝑥𝑁 𝑝 𝑥𝑛−1 𝑥𝑛 = 𝑁(𝜇𝑛 𝑥𝑛 , Σ𝑛(𝑥𝑛))

• Achieved by minimizing their KL divergence (i.e., maximizing the ELBO)

min
𝜇𝑛 ⋅ ,Σ𝑛(⋅)

𝐾𝐿(𝑞(𝑥0:𝑁)||𝑝 𝑥0:𝑁 ) ⇔ max
𝜇𝑛 ⋅ ,Σ𝑛(⋅)

E𝑞 log
𝑝(𝑥0:𝑁)

𝑞(𝑥1:𝑁|𝑥0)

min KL max ELBO
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Bao et al. Analytic-DPM: an Analytic Estimate of the Optimal Reverse Variance in Diffusion Probabilistic Models, ICLR 2022.

(Analytic-DPM) Suppose Σ𝑛 𝑥𝑛 = 𝜎𝑛
2. The optimal solution is

𝜇𝑛
∗ 𝑥𝑛 =

1

𝛼𝑛
𝑥𝑛 −

𝛽𝑛
ഥ𝛽𝑛
𝐄𝑞 𝑥0|𝑥𝑛 [𝜖𝑛] ,

𝜎𝑛
∗2 =

𝛽𝑛

𝛼𝑛
(1 −

𝛽𝑛
ഥ𝛽𝑛
E𝑞𝑛(𝑥𝑛)

𝐄𝑞 𝑥0|𝑥𝑛
[𝜖𝑛]

2

𝑑
).

➢ Isotropic variance is simple
➢ Irrelevant to state 𝑥𝑛
➢ Assume the mean is optimal

Noise prediction network:
Ƹ𝜖𝑛 𝑥𝑛 ≈ 𝐄𝑞 𝑥0|𝑥𝑛 [𝜖𝑛]
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Theorem 1. Suppose Σ𝑛 𝑥𝑛 = diag(𝜎𝑛
2(𝑥𝑛)). The optimal solution is

𝜇𝑛
∗ 𝑥𝑛 =

1

𝛼𝑛
𝑥𝑛 −

𝛽𝑛
ഥ𝛽𝑛
𝐄𝑞 𝑥0|𝑥𝑛 [𝜖𝑛] ,

𝜎𝑛
∗ 𝑥𝑛

2 =
ഥ𝛽𝑛−1
ഥ𝛽𝑛

𝛽𝑛 +
𝛽𝑛
2

ഥ𝛽𝑛𝛼𝑛
(𝐄𝑞 𝑥0|𝑥𝑛 𝜖𝑛

2 − 𝐄𝑞 𝑥0|𝑥𝑛 𝜖𝑛
2).

See a more general version of Theorem 1 for more general 𝑞(𝑥0:𝑁) in the full paper
See extension to score-based SDE (Song et al.) in the full paper

8Extended-Analytic-DPM

• What is the optimal diagonal covariance Σ𝑛 𝑥𝑛 = diag(𝜎𝑛
2(𝑥𝑛)) ?

≈ Ƹ𝜖𝑛 𝑥𝑛
2≈ ℎ𝑛(𝑥𝑛)

min
ℎ𝑛

𝐄𝑞(𝑥0,𝑥𝑛) ℎ𝑛 𝑥𝑛 − 𝜖𝑛
2 2predict SN:

squared noise (SN)



Theorem 2. Suppose Σ𝑛 𝑥𝑛 = diag(𝜎𝑛
2(𝑥𝑛)). For any mean 𝜇𝑛(𝑥𝑛)

parameterized by Ƹ𝜖𝑛 𝑥𝑛 , the optimal covariance is

𝜎𝑛
∗ 𝑥𝑛

2 =
ഥ𝛽𝑛−1
ഥ𝛽𝑛

𝛽𝑛 +
𝛽𝑛
2

ഥ𝛽𝑛𝛼𝑛
𝐄𝑞 𝑥0|𝑥𝑛 𝜖𝑛 − Ƹ𝜖𝑛 𝑥𝑛

2
.
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• In practice, Ƹ𝜖𝑛 𝑥𝑛 and 𝜇𝑛(𝑥𝑛) are not optimal
• What is the optimal diagonal covariance Σ𝑛 𝑥𝑛 = diag(𝜎𝑛

2(𝑥𝑛)) ?

≈ 𝑔𝑛(𝑥𝑛)

min
𝑔𝑛

𝐄𝑞(𝑥0,𝑥𝑛) ℎ𝑛 𝑥𝑛 − 𝜖𝑛 − Ƹ𝜖𝑛 𝑥𝑛
2 2

predict NPR:

noise prediction residual (NPR):



Experimental Results
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• Likelihood results

• NPR-DPM (predicting NPR) consistently outperforms Analytic-DPM
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• Sample quality results (FID)

• Both NPR-DPM & SN-DPM outperform Analytic-DPM
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• Sample quality results (FID)

• Both NPR-DPM & SN-DPM outperform Analytic-DPM



Thanks!

14Extended-Analytic-DPM


