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Kernel Methods

o Widely used in kernel-based learning, statistics and control

o Classical machine learning tool with real-world applications




Kernel Regression

o Kernel: a similarity function over pairs of data points in raw representation
o Mercer decomposition: for every kernel k : R? x R* — R and z, 2’ € R?

k(z,2') = (o(x), d(2'))

0 ¢ is called a feature map




Kernel Regression

o Kernel: a similarity function over pairs of data points in raw representation
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o Kernel ridge regression: RVAY n HT Y |

1 & IR INE
w* = argmin & 3 (g - o) w4 Al - Y Y g

o Simple yet powerful tool for learning non-linear relationships between
data points



Scalability of Kernel Methods

o Kernel methods are expensive

1 training points non-linear kernel

inner product
— K

Ki; = k(a:z,:r;j)

d features

o Computing all kernel entries take Q(n - nnz(X) + n?) time

o Even writing it down takes Q(n*d)time and (n?) memory

o A single iteration of a linear system solver takes Q(n?)time

o Forn = 100,000, K has 10 billion entries. Take 80 GB of storage!




Classical Solution: Dimensionality Reduction
apprOX|mat|on

o Storing Z uses O(nm) space and computing Z ' Zz takes O(nm) time

o Orthogonalization, eigen-decomposition and pseudo-inversion of ZZ '
all take just O(nm?) time




Classical Solution: Dimensionality Reduction
apprOX|mat|on

o Storing Z uses O(nm) space and computing Z ' Zz takes O(nm) time

o Orthogonalization, eigen-decomposition and pseudo-inversion of ZZ '
all take just O(nm?) time

o Our approach:

o a low-rank approximation based on series expansion of Gegenbauer
polynomials and




Overview of Our Contributions

o Extend the from $¢~1 to R¢ (that contains dot-product,
Gaussian, Neural Tangent kernels) and derive the Mercer decomposition
based on Gegenbauer polynomials

o Introduce random feature approach and provide spectral approximation
(for kernel ridge regression) and projection-cost preserving approximation
(for kernel k-mean clustering) guarantees

o Achieve the best sample complexity for spectrally approximating
Gaussian kernel compared to the prior known methods when input
dimension is small



Gegenbauer Harmonics

o Gegenbauer polynomials {P;(-)} />0 : a family of orthogonal polynomials

/1 Y B P i
. d d T g[S {f=m}

o d :dimension parameter, a4 = (d+§_1) — (d;ﬁf;?’)

o |S?7Y|: surface area of S?~!
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Gegenbauer Harmonics

o Reproducing property: for any =,y € S**

Pi((x,y)) =aea E  [Py({z,w))- Py ((y,w))]
w~U(S2—1)

o Qd = (d+§_1) — (dﬁf’) (dimension of spherical harmonics)

o U(S*1): uniform distribution over S*~*




Gegenbauer Harmonics

o Reproducing property: for any =,y € S**

Pi((x,y)) =aea E  [Py({z,w))- Py ((y,w))]
w~U(S2—1)

o apa= (707 — (*3) (dimension of spherical harmonics)

o U(S*1): uniform distribution over S~

o Gegenbauer polynomial kernel has a feature map as

bz(w) = \/ara - Py((z,w))

such that Euy~ysi-1) [z (w) - ¢y (w)] = Pi((z,y))




Gegenbauer Harmonics

o Reproducing property: for any =,y € S**

Fileu) =aca B [Ph(zw) Py w)

o Qpd = (d+§_1) — (dﬁ;?’) (dimension of spherical harmonics)

o U(S*1): uniform distribution over S*~*

o Gegenbauer polynomials can span all positive definite dot-product
kernels on S~ 1 ;

Theorem [Schoenberg, 1941]. Consider a function x(t) = >_ =, be P{(t)
and a kernel function k(z,y) = k({x,y)). The kernel k. defined on $¢~ 1 is
positive definite if and only if b, > 0.




Gegenbauer Harmonics

o Reproducing property: for any z,y € S*~*
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o Zonal kernel: % : S ! x S ! 5 R if k(x,y) = k((x,y)) forsomex: R - R
(& Dot-product kernels with a restriction of inputs)




Gegenbauer Harmonics

o Reproducing property: for any =,y € S**

Pi((z,y)) =ara E  [Pg({z,w)) Pj({y,w))]

w~U(S2—1)

o Zonal kernel: % : S ! x S ! 5 R if k(x,y) = k((x,y)) forsomex: R - R
(& Dot-product kernels with a restriction of inputs)

o Suppose the series expansion with Gegenbauer polynomials:

=) e Pi(t)
£=0

[S42] ! ¢ 2
=T 1"f(t)Pd( )(1—12) = dt
(*x with / ()| (1—t%) T'dt < o0 has the unique series expansion)



Gegenbauer Harmonics

o Reproducing property: for any =,y € S**

Pi((x,y)) =aea E  [Py({z,w))- Py ((y,w))]
w~U(S2—1)

o Zonal kernel: % : S ! x S ! 5 R if k(x,y) = k((x,y)) forsomex: R - R
(& Dot-product kernels with a restriction of inputs)

o Suppose the series expansion with Gegenbauer polynomials:

k() =) ce- Pi(t)
£=0

For positive semidefinite

o The feature map of zonal kernels: kernel, ¢, = 0
bu(w) = \/Qﬂ:ﬂﬂ

=0
such that Ew~u(si-1) [fz(w) - ¢y (w)] = £({z,y))



Gegenbauer Harmonics
o Feature map of zonal kernel: for x(t) = > 0", co - Pi(t) and 7,y € S*!

bo(w) =S VPl w) = E [6e(@)dy(w)] = 5l((z )
£=0

we U (S4-1)
o Goal: design a low-rank kernel approximation E
o Given x1,...,x, € S¢1 K | = A
draw i.i.d. wi, ..., wm ~U(ST) and
compute [Kij = k({wi, 2;5))
[ Guy (W1) o By (W)
z=| : . ; > E|2Z|=K
_¢$n (wl) T qbzcn (wm)_
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o Challenge: Can we extend zonal kernel functions to R% ?



Generalized Zonal Kernel

o Generalized zonal kernel: forany z,y ¢ RYand h, : R — R® for £ =0,1,...

k(asp) = 3= (el ) P ( (7, 9) )

=0

Iyl




Generalized Zonal Kernel

o Generalized zonal kernel: for any =,y € R* and by, : R —» R® for £ =0,1, ...

ke.9) = 3 (ol he<||y||>>Pd( (7, 9) )

> B

o This includes all dot-product kernels, i.e., k(z,y) = k({z,y)), z,y € R?

Lemma. For any =,y € R? and an analytic function » : R — R, define

hes(t) := apa(§) £UF20(0) T+ 3) L2
S 2¢ VT(20)! T(@i+£+9)

Then,

K((2,y))

y (z,9)
> (Yhm o) hh(uy)) )




Generalized Zonal Kernel

o Generalized zonal kernel: forany z,y ¢ RYand h, : R — R® for £ =0,1,...

k(asp) = 3= (el ) P ( z,9) )

> <]yl

o Feature map of generalized zonal kernel:

Zﬁhe (el £ (G2

||

= E [pz(w) - ¢y(w)] = £({z,))

w~ld (S4-1)

o When ||z|| = 1, this falls into the feature map of zonal kernel



Generalized Zonal Kernel

o Generalized zonal kernel: forany z,y ¢ RYand h, : R — R® for £ =0,1,...

ke.9) = 3 (ol he<||y||>>Pd( (7, 9) )

> <]yl

o Random features of generalized zonal kernel:

o Givenz,...,z, € R, draw ii.d. wis- .., wm ~U(S*™ ") and compute
_Cb:cl (wl) Tt ¢x1 (wm)_ T
7z = ; ; = E {ZZ } =K
| Oz, (w1) - Pu, (wm)_ [K]%J = k(s 5Uj)




Generalized Zonal Kernel

o Generalized zonal kernel: forany z,y ¢ RYand h, : R — R® for £ =0,1,...

ke.9) = 3 (ol he<||y||>>Pd( z,9) )

> <]yl

o Random features of generalized zonal kernel:

o Givenz,...,z, € R, draw ii.d. wis- .., wm ~U(S*™ ") and compute
_Cb:cl (wy) - ﬁbwl(wm)_
I L R P
| Oa,, (w1) -+ P, (wm)_ [K]w = k(x;, 5Uj)

o Goal: how many random vectors are needed? (lower bound on m)



Generalized Zonal Kernel

o Spectral approximation of GZK:
Theorem. Forany 0 < A < | K|, letsx := Tr(K (K + AI)™1)). For any

d,e >0, if
8 165 72 (0 + 1)?
m > S 10g 8205 0y min d TEEDE S )2 s
— 3¢ d 6 _
£=0 j€[n]
Then,

Pr [(1 N ZZT AN <K+ M<(1+e) (227 + AI)} >1-6

o Spectral approximation can directly guarantee empirical risk bound of
kernel ridge regression



Generalized Zonal Kernel

o Projection-cost preserving approximation of GZK:

Theorem. Forany 0 < A < | K||,,, let sy := Tr(K (K + A)™1)). Forany
positive integer r, let \ := 1 Zl i1 i where \{ > --- > )\, are

eigenvalues of K. For all rank-r orthonormal projection matricesP € R™"*"
and forany d,e > 0 if

8 16s w2 (0 4+ 1)2
m> = 10g 0205 0y ymin d EEDE S s )2 s
— 3e ) 6\ e

(=0
Then,

™ZZ' —PZZ'P)
Tr(K — PKP)

<(1+4+¢)|>1-0

Pr [(1 —¢) <

o Projection cost preserving approximation can be used for kernel k-
means clustering, principal component analysis (PCA)



Gaussian Kernel

o Spectral approximation of the Gaussian kernels:

Theorem. Given 21, ..., z, € R?, assume that max;cp, ||z;|| < r. Let
K € R""™ and [K];; = exp(— ||z; — IjHQ /2).For 0 < A < [|K||,,, let
sy :=tr(K(K +AI)~")) and forany é,e > 0, if

4 ((2 log 2)* + (1.93?“)2d)

(d—1)!
Then,

Pr [(1 N ZZT AN <K+ M<(1+e) (227 + AI)} >1-6




Gaussian Kernel

o Comparison to prior results

Method Feature dimension (m) Runtime
Gegenbauer features (2log %)d + (1.93r)
(Our work) (d—1) m - nnz( X)
( )

Fourier features
(RR'07)

> 3

Ld:o

(

o X)J m - nnz(X)
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Gaussian Kernel

o Comparison to prior results

Method Feature dimension (m) Runtime )
Gegenbauer features (2log %)d + (1.93r)*
(Our work) (d—1)! m - nnz(X)
Fourier features n
(RR'07) X m - nmz(X)
Modified Fourier p n\ < n\ d
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(AKMMVZ'17)
PolySketch
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(WZ'20) A A
\, J




Experiments

o Kernel ridge regression with Gaussian kernel

o Random Gegenbauer features achieve the best MSE except
“Elevation” and “Protein” datasets

o For “Protein” dataset (larger d), Nystrom method is the best

Elevation COs Climate Protein
n 64,800 146,040 223,656 45,730
d 3 4 4 9

MSE Time MSE Time MSE Time MSE Time

Nystrom 1.14 381 0533 817 3.14 12.0 18.9 2.85
Fourier 1.30  2.10 0.548 473 3.15 693 19.8 1.66
FastFood 1.3 779 0551 173 3.16 263 19.8 4.94
Maclaurin 1.90 1.07 0593 238 3.18 355 259 1.05
PolySketch 1.56  7.65 0.590 164 3.15 23,5 269 4.96

Ours .15 1.71 0.532 349 3.13 541 21.0 9.72

MSE of kernel ridge regression and runtime for kernel approximation



Experiments

o Kernel k-means clustering with Gaussian kernel

o Random Gegenbauer features show the promising performance
except “‘Mushroom” and “Connect-4" datasets which have a higher
input dimension

Abalone Pendigits Mushroom Magic Statlog Connect-4

n 4,177 7,494 8,124 19,020 43,500 67,557
d 8 16 21 10 9 42
Nystrom 0.38 0.42 0.71 0.64 0.23 0.61
Fourier 0.38 0.43 0.72 0.66 0.24 0.81
FastFood 0.43 0.46 0.74 0.67 0.24 0.83
Maclaurin 0.43 0.46 0.72 0.73 0.23 0.90
PolySketch 0.35 0.45 0.67 0.66 0.21 0.82
Ours 0.35 0.40 0.71 0.59 0.21 0.78

The average sum of squared distance to the nearest cluster centers



Conclusion

o Summary:

o We study a new class of kernels expressed by Gegenbauer
polynomials that covers a wide range of ubiquitous kernels

o We analyze that our random features can spectrally approximate
kernel matrices, making it useful for scalable kernel methods

o One limitation is that it can tightly approximate when the inputs are in
a low-dimensional space

o Future work:

o Our limitation can be resolved by combining with additional
dimensionality reductions (e.g., JL-transform)



