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Partial ordering observation datasets by pairwise
comparisons are getting more widely available
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Partial ordering observation datasets by pairwise
comparisons are getting more widely available

Pairwise comparison

Global ranking
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The Maximum Likelihood Estimator (MLE) of the
Bradley-Terry-Luce (BTL) model is used for ranking

Data: n pairwise comparison results

I, defeated j, at comparison k
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The Maximum Likelihood Estimator (MLE) of the
Bradley-Terry-Luce (BTL) model is used for ranking

Data: n pairwise comparison results

I, defeated j, at comparison k

BTL model: w* = (wj, ..., wy): unknown quality scores of d competitors so that

P[i defeats j] = :
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MLE: w = (W, ..., w; ) satisfying

argmin  cpa — (W) wrt. Yp_,w; =0,

where [(w) is the log-likelihood function.
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The Maximum Likelihood Estimator (MLE) of the
Bradley-Terry-Luce (BTL) model is used for ranking

Data: n pairwise comparison results

I, defeated j, at comparison k

BTL model: w* = (wj, ..., wy): unknown quality scores of d competitors so that

1

P[i defeats j] = ———
1+e J 1

MLE: w = (W, ..., w; ) satisfying

argmin  cpa — (W) wrt. Yp_,w; =0,

where [(w) is the log-likelihood function.

Rank the competitors from the greatest to the lowest estimate w;.
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Our paper develops a state-of-the-art understanding
of the model in the spirit of two key concepts.

Dynamic range: the maximal performance gap among d competitors

B = max |w; — w}
i, J
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Comparison graph: undirected weighted graph with weights to be the number of
comparisons between the adjacent nodes
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Our paper develops a state-of-the-art understanding
of the model in the spirit of two key concepts.

Dynamic range: the maximal performance gap among d items

B = max |w; — w;
i,j J

Comparison graph: undirected weighted graph with weights to be the number of

comparisons between the adjacent nodes
# of comparison between

competitors 1 and 2
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Related works on BTL model

Existence of the MLE:

- Simons & Yao (1999): complete graphs, bounded dynamic range

- Yanetal. (2012) and Han et al. (2020): Erdds-Rényi graphs, bounded dynamic range
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Related works on BTL model

Existence of the MLE:

- Simons & Yao (1999): complete graphs, bounded dynamic range

- Yanetal. (2012) and Han et al. (2020): Erdds-Rényi graphs, bounded dynamic range

Consistency:

- Shah et al.(2016): #,-consistency, arbitrary graphs, bounded dynamic range

- Hendrickx et al. (2019;2020): sine error-consistency, arbitrary graphs, bounded
dynamic range

- Chenetal. (2019;2020): £,-consistency, Erdds-Rényi graphs, bounded dynamic
range
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Recent pairwise comparison dataset has (1) large
dynamic range and (2) sparse comparison graph
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Our main contribution

Novel necessary condition for MLE existence

- Our condition first encompasses arbitrary graph topologies and infinitely increasing dynamic
range.

Novel 7,-consistency result for the unregularized MLE

- Our result first establish the consistency of unregularized MLE under arbitrary graph topologies
and infinitely increasing dynamic range.
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Fisher information matrix incorporates comparison
graph and distribution of performance across items

log-likelihood:

(W) = == 31, log(1 + ek ™"ix)
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Fisher information matrix incorporates comparison
graph and distribution of performance across items

log-likelihood:

(W) = == 31, log(1 + ek ™"ix)

Fisher information matrix:

J5; = [Iw")];; = E[-V2I(w™)];;

( g
0 ifi#],
=< (L(wi-wj)rz (wj-wi)r2)
L~ Diekzi Jik » ifi =j.

where L is the normalized graph Laplacian of the comparison graph.
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Fisher information matrix incorporates comparison
graph and distribution of performance across items

log-likelihood:

(W) = == 31, log(1 + ek ™"ix)

Fisher information matrix:

J5; = [IwN)]ij = E[-V2I(w")];;
( | L] graph topolog1¥i £

2
kg(wi_wj)/2+g(wi_wi)/2) performance distribution
- Dkt ik » if i = j.

A

where L is the graph Laplacian of the comparison graph.
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The established existence condition for the MLE
extends previous works

For the Erdds-Rényi graphs, ER(p), with bounded dynamic range, the condition

log d

A, () =2 in the theorem holds with high probability if

d
e =0 (—p)
logd

n

It copies the results of Simons & Yao (1999); Yan et al. (2012); and Han et al. (2020).

19/ 31



For consistency, we construct a surrogate objective
which is strongly convex against a proxy function

An example negative log-likelihood of BTL model:
2 items (w; = w,) tied in comparison
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For consistency, we construct a surrogate objective
which is strongly convex against a proxy function

An example negative log-likelihood of BTL model:
2 items (w; = w,) tied in comparison

50

N w P
o o o

—(wy — wy) + I(wy —w,)

[
o

J(wi — wj) - h(wy — w,)?

o

where h(x) = sgn(x) (\/ x| + 1 — 1).
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Comparison to an existing result under bounded
dynamic range B

Shah et al. (2016) analyzed ¢, -regularized MLE

W = argmin ,.pa — (W) wrt [[w], < B and Xi_;w; = 0.

and provided £,-consistency for A = W — w*:

||Z||i <c'(e7B+eB)t %, w. p. atleast 1 —e™P.
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Comparison to an existing result under bounded
dynamic range B

Shah et al. (2016) analyzed ¢, -regularized MLE

W = argmin ,.pa — (W) wrt [[w], < B and Xi_;w; = 0.

and provided £,-consistency for A = W — w*:

||Z||i <c'(e7B+eB)t %, w. p. atleast 1 —e™P.

Q|r

Our result: lhg (D)7 < ¢ (e7B + eB) %, w.p. atleast 1 — et —

N\

asymptotically linearas A - 0
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The resulting consistency theorem provides a better
rate if the dynamic range grows with d

« w;’s are evenly distributed along the dynamic range

w; = Zi;dB fori € [d].

« T comparisons only between items i and j having ranking difference smaller than W
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The resulting consistency theorem provides a better
rate if the dynamic range grows with d

« w;’s are evenly distributed along the dynamic range

w; = Zi;dB fori € [d].

« T comparisons only between items i and j having ranking difference smaller than W

« The graph Laplacian has banded form: we call it a banded comparison graph case

w
T . . -— d >
— if 0 < |l—]|SW, - ~
Lij =93 = Srkwi Likc ifi =j, 0
0, elsewhere.
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The resulting consistency theorem provides a better
rate if the dynamic range grows with d

Shah et al. (2016): ||Z||i <c'(e7B +eB)* %, w. p. atleast1 —e™P

c

Our result:  ||hg(Q)]|? < =

(e—BW/d + eBW/d)4 %, w.p. atleast 1 —e™t —

.

better dependence when % —-0asd—-0
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Shah et al. (2016) and our theorem were compared to
MLEs on simulated data

« w;’s are evenly distributed along the dynamic range

w; = Zi;dB fori € [d].

« T comparisons only between items i and j having ranking difference smaller than W
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Shah et al. (2016) and our theorem were compared to
MLEs on simulated data

« w;’s are evenly distributed along the dynamic range

w; = Zi;dB fori € [d].

« T comparisons only between items i and j having ranking difference smaller than W

Simulation setting:
* d=100andT =5

« B varies from 4e~1,/logd to 4e./logd, and W from e~!

d d
4,/log d foe 4 /logd’

» For each combination of the parameters, we performed 100 simulations.
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Simulation results demonstrated the better rate of our
result under banded comparison graph cases

(@w= J%W’ B changes (b) B =./log d, W changes
10% 4 \ —— estimated
1057 102 o this work

—— Shah et al. (2016)
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» empirical mean (blue line) and point-wise 95%-confidence region (light blue shade) of

?,-loss were obtained from 100 MLEs on simulated data

« compared to the theoretical upperbounds up to constant scales (which are constant

shifts in the plots)
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Simulation codes are available in github.com/HeejongBong/mmpcC.
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