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Introduction

• Classical ML task : "If I observe X = x , what do I expect the distribution of Y to
be ?"
→ requires approximating the distribution of Y |X = x .

• Causal task : "If I observe (X ,Y ) = (x , y) and modify the value of X to x ′, what do I
expect the new distribution of Y to be ?"
→ requires to know the process underlying the generation of the observed data.
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Structural Causal Model

We want to know the details of the generative model underlying the observed data :
The Structural Causal Model.

X1 ← ξ1

X2 ← f2(X1, ξ2)

X3 ← f3(X1,X2, ξ3)

. . .

1 2

3

In general, various SCM’s can lead to the same joint p.d.f. !

We need either
Interventional data (hard to obtain !)
Assumptions on the generative model
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Non-linear additive Gaussian noise model

Consider the following non-linear additive Gaussian noise SCM :

Xi ← fi (pai (X )) + ξi , (1)

where ξi
i .i .d∼ N (0, σ2

i ), pai (X ) selects the coordinates of X which are parents of node i
in some DAG and the functions fi ’s are non-linear.

Goal : Using observational data, recover the DAG associated with (1).
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Ordering-based causal discovery

The search for the causal DAG can be broken into 2 parts :
1 Find a topological order (our focus).
2 Estimate the functions fi ’s in the SCM, in particular their dependence on previous

variables.

1 2

3 4
2 3 4 1

Topological order search : We need a way to sequentially identify a leaf in the graph.

Author B.C.
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Data distribution under AGN model
Additive Gaussian noise model :

Xi = fi (pai (X )) + ξi , ξi
indep.∼ N (0, σ2

i )

We can write the data probability density function p as

p(x) =
d∏

i=1

p(xi |pai (x))

log p(x) = −1
2

d∑
i=1

(
xi − fi (pai (x))

σi

)2

− 1
2

d∑
i=1

log(2πσ2
i ).

The score function of a distribution with density p is defined as s(x) ≡ ∇ log p(x). For
the AGN model, we have

sj(x) ≡
∂ log p

∂xj
(x) = −

xj − fj(paj(x))
σ2
j

+
∑

i∈children(j)

∂fi
∂xj

(pai (x))
xi − fi (pai (x))

σ2
i
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Score function under AGN model

sj(x) = −
xj − fj(paj(x))

σ2
j

+
∑

i∈children(j)

∂fi
∂xj

(pai (x))
xi − fi (pai (x))

σ2
i

Observations :
j is a leaf ⇒ ∂sj

∂xj
(x) = − 1

σ2
j
independent of x , i,e., VarX

[
∂sj (X )
∂xj

]
= 0.

If j is a leaf, i is a parent of j ⇒ sj(x) depends on xi , i.e., VarX
[
∂sj (x)
∂xi

]
6= 0

Hence, all the information about the leaves is hidden in the Jacobian of s.
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SCORE

1: Input : Data matrix X ∈ Rn×d .
2: Initialize π = [], nodes = {1, . . . , d}
3: for k = 1, . . . , d do
4: Estimate the score function snodes = ∇ log pnodes

5: Estimate Vj = VarXnodes

[
∂sj (X )
∂xj

]
6: l ← nodes[argminj Vj ]
7: π ← [l , π]
8: nodes← nodes− {l}
9: Remove l-th column of X

10: Get the final DAG by pruning the full DAG associated with the topological
order π

Author B.C.
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Learning the score function

We need to estimate the Jacobian of the score function ∇s(x) = ∇xx log p(x), at least
at the score at sample points {∇s(xi )}i=1,...,n.

Method 1 : Score matching [4]

min
θ

1
2
Ex∼p[‖∇x log p(x)− sθ(x)‖2] (Fisher divergence)

= Ex∼p

[
1
2
‖sθ(x)‖2 + Tr(∇xsθ(x))

]
' 1

n

n∑
i=1

(
1
2
‖sθ(xi )‖2 + Tr(∇xsθ(xi ))

)
Requires retraining a neural network after each node removal...
Method 2 : Stein estimators

Author B.C.
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Stein Gradient Estimator [6]

If h : Rd → Rd ′
is such that limx→∞ h(x)p(x) = 0, then

Ep[h(x)∇ log p(x)T +∇h(x)] = 0 (Stein identity)

− 1
n

n∑
k=1

h(xk)∇ log p(xk)T + err =
1
n

n∑
k=1

∇h(xk)

−1
n
HG+ err = ∇h

where err n→∞−→ 0. Let H = (h(x1), . . . ,h(xn)) ∈ Rd ′×n, ∇h = 1
n

∑n
k=1∇h(xk) and

G = (∇ log p(x1), . . . ,∇ log p(xn)).

Ĝ
Stein ≡ argmin

Ĝ
‖∇h+

1
n
HĜ‖2F +

η

n2 ‖Ĝ‖
2
F

= −(K+ ηI)−1〈∇,K〉,

Kij = κ(xi , xj) ≡ h(x i )Th(xj), 〈∇,K〉ij =
∑n

k=1∇xkj
κ(xi , xk).

Author B.C.
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Stein Hessian Estimator

If q : Rd → R is such that limx→∞ q(x)p(x) = 0, then

E[q(x)p(x)−1∇2p(x)] = E[∇2q(x)] (SSI : Second-order Stein identity)

E[q(x)∇2 log p(x)] = E[∇2q(x)− q(x)∇ log p(x)∇ log p(x)T ].

We only need to approximate {diag(∇2 log p(xi ))}i=1,...,n. Hence, applying the diagonal
part of (SSI) for various test functions gathered in h : Rd → Rd ′

, we have

E[h(x)diag(∇2 log p(x))T ] = E[∇2
diagh(x)− h(x)diag(∇ log p(x)∇ log p(x)T )]

where (∇2
diagh(x))ij =

∂2hi (x)
∂x2

j
.

Author B.C.
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Stein Hessian Estimator

Let J ≡ (diag(∇2 log p(x1)), . . . , diag(∇2 log p(xn)))T ∈ Rn×d . Approximating the
expectations by an empirical average, we obtain

1
n
HJ+ err = ∇2

diagh−Hdiag(GGT ). (2)

where ∇2
diagh = 1

n

∑n
k=1∇2

diagh(x
k).

We thus approximate J by

Ĵ
Stein ≡ argmin

Ĵ

∥∥∥∥1nHĴ+ 1
n
Hdiag

(
Ĝ

Stein
(
Ĝ

Stein
)T)

−∇2
diagh

∥∥∥∥2

F

+
η

n2 ‖Ĵ‖
2
F

= −diag
(
Ĝ

Stein
(
Ĝ

Stein
)T)

+ (K+ ηI)−1〈∇2
diag,K〉

where 〈∇2
diag,K〉 = nHT∇2

diagh.

Author B.C.
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Ĵ

∥∥∥∥1nHĴ+ 1
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2
F

= −diag
(
Ĝ
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Ĝ

Stein
)T)

+ (K+ ηI)−1〈∇2
diag,K〉

where 〈∇2
diag,K〉 = nHT∇2

diagh.

Author B.C.



12/ 22

Stein Hessian Estimator

Let J ≡ (diag(∇2 log p(x1)), . . . , diag(∇2 log p(xn)))T ∈ Rn×d . Approximating the
expectations by an empirical average, we obtain

1
n
HJ+ err = ∇2

diagh−Hdiag(GGT ). (2)

where ∇2
diagh = 1

n

∑n
k=1∇2

diagh(x
k). We thus approximate J by

Ĵ
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Ĝ

Stein
(
Ĝ
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Ĝ

Stein
)T)

+ (K+ ηI)−1〈∇2
diag,K〉

where 〈∇2
diag,K〉 = nHT∇2

diagh.

Author B.C.



13/ 22

Numerical experiments : Synthetic data

We generate synthetic data from AGN model as follows :
1 Sample a DAG in dimension d = 10, 20, 50 whose skeleton is an Erdös-Renyi graph

with d (ER1) or 4d (ER4) edges.
2 The variances σ2

i are sampled i.i.d uniformly in [0.4, 0.8].
3 The link functions are sampled from Gaussian processes with lengthscale 1.

We run SCORE using Stein estimator with RBF kernel, and using CAM for pruning the
final DAG.

We compute various metrics on the resulting graphs, i.e., SHD, SID and Dtop defined as

Dtop(π,A) =
d∑

i=1

∑
j :πi>πj

Aij .

Author B.C.
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Synthetic data in d = 10

ER1 SHD SID Dtop(π,A)

SCORE (ours) 1.1± 0.9 4.5± 5.3 0.4± 0.6
CAM [1] 1.7± 1.0 6.4± 4.2 0.4± 0.5

GraN-DAG [5] 1.5± 1.4 6.5± 7.2 −
SELF [2] 8.4± 1.6 32.5± 7.6 −
GES [3] 7.8± 2.7 32.5± 13.6 −
VarSort − − 1.9± 1.1

ER4 SHD SID Dtop(π,A)

SCORE (ours) 19.5± 2.9 35.0± 9.1 0.3± 0.3
CAM 24.4± 3.1 45.2± 10.2 4.4± 3.2

GraN-DAG 22.2± 2.6 42.0± 6.2 −
SELF 37.2± 2.1 83.0± 5.2 −
GES 34.3± 3.0 78.9± 6.0 −

VarSort − − 9.7± 3.1

Author B.C.
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Synthetic data in d = 20

ER1 SHD SID Dtop(π,A)

SCORE (ours) 2.6± 1.9 9.9± 8.5 1.2± 1.7
CAM 3.5± 1.6 14.3± 9.8 0.8± 1.0

GraN-DAG 7.6± 4.2 31.6± 22.7 −
SELF 16.6± 2.1 89.9± 31.2 −
GES 17.7± 3.8 77.3± 30.5 −

VarSort − − 3.7± 1.6

ER4 SHD SID Dtop(π,A)

SCORE (ours) 47.5± 4.5 177.5± 11.6 3.1± 1.5
CAM 54.2± 5.4 201.9± 29.0 13.6± 6.9

GraN-DAG 49.3± 4.5 211.4± 36.6 −
SELF 75.5± 1.6 336.8± 31.2 −
GES 67.4± 6.1 322.9± 21.7 −

VarSort − − 18.3± 6.7

Author B.C.
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Synthetic data in d = 50

ER1 SHD SID Dtop(π,A)

SCORE (ours) 10.4± 3.9 50.9± 32.9 3.9± 2.4
CAM 8.3± 2.9 53.7± 31.9 −

GraN-DAG 20.2± 6.1 135.3± 45.9 −
SELF 45.4± 3.5 326.6± 74.3 −
GES 50.5± 4.2 233.5± 60.8 −

VarSort − − 8.8± 3.0

ER4 SHD SID Dtop(π,A)

SCORE (ours) 131.5± 7.5 1262± 110 16.3± 6.1
CAM 140.8± 5.5 1337± 94 −

GraN-DAG 140.8± 9.5 1432± 110 −
SELF 192.7± 3.2 2097± 103 −
GES 182.9± 7.3 2003± 105 −

VarSort − − 43.3± 9.7

Author B.C.
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Synthetic data in d = 20 with Laplace noise

ER1 SHD SID Dtop(π,A)

SCORE (ours) 1.6± 1.2 6.8± 11.4 0.5± 0.9
CAM 2.3± 1.4 10.0± 7.0 0.3± 0.5

GraN-DAG 4.9± 2.1 27.5± 13.2 −
SELF 16.4± 3.6 87.5± 32.3 −
GES 17.7± 6.8 72.6± 25.5 −

VarSort − − 3.4± 2.0

ER4 SHD SID Dtop(π,A)

SCORE (ours) 48.0± 4.0 199.8± 21.4 4.9± 1.8
CAM 52.4± 3.9 208.7± 17.5 11.6± 7.9

GraN-DAG 48.2± 3.8 198.3± 42.8 −
SELF 77.4± 2.2 349.5± 19.0 −
GES 69.7± 7.1 325.5± 28.3 −

VarSort − − 20.8± 4.5
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Computation time comparison

d = 10 d = 20 d = 50
SCORE order 3.3± 0.1 8.5± 0.8 31± 2.9

SCORE 6.3± 0.2 32.7± 6.7 257± 17
CAM 30.1± 3.7 313± 80 1143± 79(∗)

GraN-DAG 185± 26 357± 47 1410± 73

Table – Run time in seconds on ER1. (∗) For scalability, we restricted the maximum number of
neighbours to 20
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Numerical experiments : Real data

• Sachs [7] : Real dataset 11 nodes, 17 edges, 853 observations

• SynTRen [8] : Pseudo-real dataset generating simulated gene expression data. We
generated 10 datasets containing 500 samples coming from a 20 nodes graph.

Sachs SynTReN
SHD SID SHD SID

SCORE 12 45 36.2± 4.7 193.4± 60.2
CAM 12 55 40.5± 6.8 152.3± 48.0

GraN-DAG 13 47 34.0± 8.5 161.7± 53.4
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Conclusion

• Learning the data score function allows to recover the causal graph in
additive Gaussian noise model.

• Questions for future work :

How to extend this approach to other identifiable models ?
Can we implement score matching efficiently for this setup ?
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