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Contextual Linear Bandits r(x, a) = 〈φ(x, a), θ?〉
1

xt ∼ ρ
at ∈ {1, . . . , A}
rt = r(xt, a) + noise

¯ Ò (((+
xt = � at = Y

reward rt

minimize R(n) =

n∑
t=1

r(xt, a
?
xt)− r(xt, at)

, Several algorithms have been designed for this problem, e.g., LinUCB [Chu et al.,
2011], OFUL [Abbasi-Yadkori et al., 2011], Thompson Sampling [Abeille and Lazaric, 2017]

* a?x = argmax
a
{r(x, a)}
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Contextual Linear Bandit: LinUCB
[Chu et al., 2011, Abbasi-Yadkori et al., 2011]

2

Setting:

r(xt, at) = 〈φ(xt, at), θ?〉

known realizable dφ-dimensional representation φ
unknown parameter θ? ∈ Rdφ

LinUCB:
Estimate θ? to build Upper Confidence Bound Ut ≥ r with high probability
at = max

a
Ut(xt, a)

then, LinUCB suffers a problem-dependent regret:

Rn .
d2
φ

∆
ln2(n)

* minimum gap assumption: r(x, a?x)− r(x, a) > ∆ for all x, a 6= a?x
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What is a Good Representation?
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All realizable! Same dimension! Same algorithm! (LinUCB)

?

Matteo Papini



Good Representations for LinUCB
4

We say φ is good if:*

span
{
φ(x, a?x) | x ∈ supp(ρ)

}
= Rdφ

Our result
LinUCB achieves CONSTANT regret if and only if φ is good:

Rn .
d2
φ

∆
ln2(τφ)

where

τφ .

(
d2
φ

λφ∆

)2

(constant)

λφ = λmin

(
Eρ[φ(x, a?x)φ(x, a?x)>]

)
(λφ > 0 iff φ good)

*good feature φ introduced in [Hao et al., 2020]. ** a?x = argmax
a
{r(x, a)}
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Strong Assumption? Not really...
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We fit neural networks to real datasets from [Bietti et al., 2018]

Network size Good representations λφ (median) R2

(16, 16) 88.8% 0.001833 0.67
(32, 32) 86.4% 0.001502 0.76
(64, 64) 79.9% 0.001004 0.83

, Good representations seem to be quite common in practice!

Matteo Papini



Can we Leverage Good Representations?
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LEADER

Given M realizable representations φ1, . . . , φM (good or not)
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The LEADER Algorithm
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Given M realizable representations φ1, . . . , φM

1 Estimate θi for each φi using all data
2 Build UCB Uti ≥ r with high probability
3 at = max

a
min
i
Uti(xt, a)

Regret of LEADER

Rn(LEADER) ≤ ln(M) min
i∈[M ]

Rn(φi)

and is constant if at least one of the M representations is good
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Mixing Representations
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φ1, . . . , φM are all NOT good
Still, LEADER achieves constant regret
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Find Out How...
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LEADER can mix representations to form a good representation and achieve
constant regret
Redundant representations can also be good
The minimum gap assumption can be removed
Misspecified representations can be eliminated fast
Constant regret is observed in real problems with neural networks
LEADER is competitive with model-selection algorithms

And stay tuned for representation selection in Linear MDPs
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Details are in the paper:

Leveraging Good Representations in Linear Contextual Bandits
ICML 2021
Matteo Papini, Andrea Tirinzoni, Marcello Restelli, Alessandro Lazaric, Matteo Pirotta
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