
Model-Free Reinforcement Learning:
from Clipped Pseudo-Regret to Sample Complexity

2021/7/21

Zihan Zhang Yuan Zhou  Xiangyang Ji



Discounted MDP
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Infinite horizon 
with discounted factor 𝜸 < 𝟏

state reward action

Agent

Environment

atst rt

st+1

𝑠!"# ∼ 𝑃 $ 𝑠!, 𝑎!
𝑟! = 𝑟 𝑠!, 𝑎!

A policy 𝜋 :
𝜋: States S → Actions A , a = 𝜋(𝑠)

Goal: maximize value function

V! 𝑠 = 𝔼 ∑"#$𝛾"𝑟"%&│𝑠& = 𝑠, 𝜋

𝑄! 𝑠, 𝑎 = 𝔼>
?
∑"#$𝛾"𝑟"%&│𝑠& =

𝑠, 𝑎& = 𝑎, 𝜋

𝑉∗(𝑄∗) = 𝑉!∗(𝑄!∗): value	(𝑄)
function of opt policy



𝝐-Sample Complexity
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state reward action

Agent

Environment

atst rt

st+1

𝑠!"# ∼ 𝑃 $ 𝑠!, 𝑎!
𝑟! ∼ 𝑟 𝑠!, 𝑎!

Given 𝝐 ∈ (𝟎, 𝟏
𝟏)𝜸

), 𝝐 -sample complexity 

is the number of steps when an 𝝐-
suboptimal policy is executed:

K
𝒕#𝟏

𝚰 𝑽𝝅𝒕 𝒔𝒕 < 𝑽∗ 𝒔𝒕 − 𝝐

• the number of trials needed to learn 
an 𝝐-optimal policy



Main Result
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• Theorem 1: With variance reduction: For any 𝜖 ∈ 0, (&).)
#$

0%1%
and 𝛿 > 0, with 

probability 1 − 𝛿, the (𝜖, 𝑝)-sample complexity of UCB-Multistage is bounded 
by

V𝑂
𝑆𝐴 ln(1/𝛿)
𝜖2(1 − 𝛾)3

• Theorem 2: Without variance reduction: For any 𝜖 ∈ 0, &
&). and 𝛿 > 0, with 

probability 1 − 𝛿, the (𝜖, 𝑝)-sample complexity of UCB-Multistage is bounded 
by

V𝑂 01 45(&/7)
8%(&).)&.&



Existing Results
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All bounds are in Big-O / Big-Omega and ignore logarithmic factors.

Algorithm Sample Complexity Space Complexity

Model-based
R-max [Kakade,2003] !𝑂 𝑆!𝐴 ln(1/𝛿) 𝜖"#(1 − 𝛾)"$

𝑂(𝑆!𝐴)
MoRmax [Szita & Szepesvari 
2010]

!𝑂 𝑆𝐴 ln(1/𝛿) 𝜖"!(1 − 𝛾)"$

UCRL-𝛾 [Lattimore & Hutter,
2012]

!𝑂 𝑆!𝐴 ln(1/𝛿) 𝜖"!(1 − 𝛾)"#

Model-free

Infinite 𝑄-learning with UCB
[Dong et al., 2019]

!𝑂 𝑆𝐴 ln(1/𝛿) 𝜖"!(1 − 𝛾)"%

𝑂(𝑆𝐴)
UCB-Multistage-Advantage 
(our result)

!𝑂 𝑆𝐴 ln(1/𝛿) 𝜖"!(1 − 𝛾)"# for 𝜖 <
(𝑆𝐴)"!(1 − 𝛾)&'

UCB-Multistage (our result) !𝑂 𝑆𝐴 ln(1/𝛿) 𝜖"!(1 − 𝛾)"(.(

Delayed 𝑄-learning [Strehl et 
al., 2006]

!𝑂 𝑆𝐴 ln(1/𝛿) 𝜖"'(1 − 𝛾)"*

Median-PAC (Pazis et al., 
2016)

!𝑂 𝑆𝐴 ln(1/𝛿) 𝜖"!(1 − 𝛾)"' 𝑂(𝑆𝐴𝜖"!(1 − 𝛾)"#)

Lower bound [Lattiore & Hutter, 2012] Ω(𝑆𝐴𝜖"!(1 − 𝛾)"#)



Pseudo-Regret
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𝑉∗ 𝑠" − 𝑉!1 𝑠" ≤ 𝑉" 𝑠" − 𝑉!1(𝑠") = 𝛾𝑃!1 𝑉" − 𝑉
!1 + 𝜙" = ∑9:$; (𝛾𝑃!1)

9𝜙"

• Pseudo-regret vector: 𝜙" 𝑠 = 𝑉" 𝑠 − 𝑟 𝑠, 𝜋" 𝑠 − 𝛾𝑃<,!1(<)𝑉"
• Assuming 𝑉" is always optimistic, i.e., 𝑉" ≥ 𝑉∗

𝑉2: the value function at time 𝑡
𝑃3$: the transition matrix of 𝜋2
𝟏4: [0,0, … , 1, … , 0]5 (1 is at the 𝑠-th 
coordinate)

• 𝑉∗ 𝑠" − 𝑉!1 𝑠" > 𝜖 implies that 𝟏<1 ∑9:$
; (𝛾𝑃!1)

9𝜙" > 𝜖

• Assuming 𝜋"%9 = 𝜋" for 1 ≤ 𝑖 ≤ 𝐻 ≔ max {45 >/((&).)8)
45 &/.

, &
&).

}

𝟏<1 K9:$

;
(𝛾𝑃!1)

9𝜙" ≤ Ε K
9:$

?)&
𝛾9 𝜙" 𝑠"%9 +

𝜖
8



Pseudo-Regret
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• 𝑉∗ 𝑠" − 𝑉!1 𝑠" > 𝜖 implies ∑9:$?)&𝛾9 𝜙" 𝑠"%9 > @8
> in expectation

• ∑9:$?)&𝛾9 𝜙" 𝑠"%9 > @8
> implies ∑9:$?)&𝛾9 clip(𝜙" 𝑠"%9 ,

8
>) ≥

38
A

• With concentration inequalities in hand, it suffices to bound

K
"#&

K
9:$

?)&
𝛾9 clip(𝜙" 𝑠"%9 ,

𝜖
8
) ≈ 𝐻K

"#&
clip(𝜙" 𝑠" ,

𝜖
8
)

• The sample complexity is then bounded by

4𝐻
3𝜖

K
"#&

clip(𝜙" 𝑠" ,
𝜖
8
)

clip 𝑥, 𝑦 : = 𝑥𝕀[𝑥 ≥ 𝑦]



Stage-Based Framework
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• Let 𝑒& = 𝐻, 𝑒9%& = 1 + 1/𝐻 𝑒9 ; 𝐿 = ∑9:&
B 𝑒9 𝑗 ≥ 1 : the grid marking the 

end of the stages
• Algorithm only updates 𝑄"(𝑠, 𝑎), 𝑉"(𝑠) when 𝑛C 𝑠, 𝑎 ∈ 𝐿

For episode t = 1, 2, 3, …:
𝜋" ← greedy policy according to 𝑄; execute 𝜋"
For h = 1, 2, 3, …, H: If 𝑛" 𝑠", 𝑎" ∈ 𝐿 then
𝑠, 𝑎 ← 𝑠", 𝑎"
𝑄" 𝑠, 𝑎 ← min 𝑟C 𝑠, 𝑎 + &

DE1(<,F)
∑ℓ∈ DE1(<,F)𝑉I (𝑠I%&) + 𝑏" 𝑠, 𝑎 , 𝑄")& 𝑠, 𝑎

𝑏" 𝑠, 𝑎 = tΘ 𝐻 ⋅ w𝑛" 𝑠, 𝑎 )&/2

𝑉" 𝑠 ← max
F
𝑄"(𝑠, 𝑎)

7𝑛2(𝑠, 𝑎): set of the episodes of the latest completed stage for (s, a) by step t (or the 
size of the set)
𝑉2, 𝑄2: the 𝑉, 𝑄 vectors at the beginning of step 𝑡
The stage-based framework is used in our previous work [Zhang, Zhou and Ji, 2020]



Multi-Stage Learning
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Q2:

By the update rule 𝜙" 𝑠" ≤ 2𝑏" 𝑠", 𝑎" + 𝛾𝑃<1,F1(𝑉J1(<1,F1)) − 𝑉")

bonus term gap of value function

𝜌2(𝑠, 𝑎): the time  the last stage of (𝑠, 𝑎) starts.

Observation
• Limitation of model-free learning: only can remember recent value function;
• Stage-based update: regret depends on the difference between the remembered

value function and current value function;

Solution
• Accelerated updates:  reduce the gap of time reduce the gap of value function
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