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Motivation

Kantorovich-Rubinstein formula:

Wa(p,v) = sup /fdu—/fdu

f:X=R,||f|| <1

Donsker-Varadhan formula:

Dki(pllv) = sup /fdu— Iog/efdy
f:X—R

sup /fd,u — Iog/efdy =
f:X—=R,||f]| <1
@
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Moreau-Yosida approximation

(X, d) compact, f : X — R lower semicontinuous, 0 < a, A € R:

Pra(x) = min £(y) + Ad(x, y)*

is the Moreau-Yosida approximation of index A and order « of f.

Given a compact metric space (X, d), the metric space (P(X), W1)
is compact, and Dy (-||v) : P(X) — R is lower semicontinuous.

Ri
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Kullback-Leibler divergence

[ log d"’d,u if u <<,
oo otherwise.

Dri(pllv) = {

Tight conjugate of Kullback-Leibler divergence with respect to v:

Diu(Flv) = sup / fd — Dy (ul|v) = log / o dy
REP(X)

Biconjugate representation leads to the Donsker-Varadhan formula:

Ri

Dicw(ullv) = D (ullv) = sup / fd — log / e dv
f:X—=R
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Csiszar potentials

Dir (p||v) :/f*du— Iog/ef*dy

if and only if 4 < v and 3C € R such that

du
fo=log—+C
& dv +
For the binary experiment of discriminating samples from x4 and v,
the statistical test (x — X[r,o0](f(X))) is @ most powerful test for
any threshold 7 € R.

GAN perspective

Tight f-GAN: optimal critic is not Lipschitz continuous in general!
»
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Wasserstein-1 distance and Kantorovich potentials

wu,v € P(X) for a metric space (X, d):

Wi(p,v) = we|i1n(]; V)/d(X1>X2)d7T(X17X2)

sup /fdu /fdu
xR A<t

Wl(ﬂaV)Z/d(Xl,Xz)dW*(xhxz)Z/ﬁkdu—/f*dy

if and only if
1l =1

f;(Xl) — f;(XQ) = d(Xl,Xz) Try-a.€.

GAN perspective

Wasserstein GAN: Lipschitz constant of optimal critic 1
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Unconstrained Kantorovich-Rubinstein formula

)\Wl('uvy)a: sup /fd'u’ /de— a—l al a)\l aHfHa ot
f:X—R

W) = [ fid— [ fiav = (0 - Darfears g

if and only if
1

— a1
alWi (p, v)*1

is a Kantorovich potential of p,

|:

GAN perspective

Unconstrained Wasserstein GAN: Lipschitz constant of optimal »
critic is aAWq (p, v)* 1
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Moreau-Yosida approximation of Dk; with respect to

Dk a(pllv) = Eeny&) D (&llv) + AW (p, §)

= sup /fdu—log/efduifazl
fIX=R, || fll <A

= sup /fd,u—log/efdu— (o — 1)04&)\ﬁ\\ﬂ]z‘f1 if o >1

f:X—=R
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Csiszar-Kantorovich potentials

Dria(pllv) = Dre(&llv) + AW (p, &)
= / fodp — Iog/ef*du —(a— l)aﬁ)\ﬁnf*\\ff1

if and only if & < v and 3C € R such that f, = log % 4+ C and

1 . . .
Wﬁ" is a Kantorovich potential of u, &, so that

Il = aAWA(p, &)

GAN perspective

Moreau-Yosida f-GAN: Lipschitz constant of optimal critic is
a/\Wl(M7 E*)a_l
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That's not all folks!

See the paper for
@ generalization to f-divergences and

@ GAN experiments.
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