
Fixed-Point Methods with Local Steps

KAUST

/ 22

From Local SGD to Local Fixed-Point 
Methods for Federated Learning 

Peter  
Richtárik

Dmitry 
Kovalev

Elnur  
Gasanov

Grigory 
Malinovsky

Laurent Condat
King Abdullah University of Science and Technology (KAUST), 

Thuwal, Saudi Arabia

1



Fixed-Point Methods with Local Steps

KAUST

/ 22

Distributed Algorithms
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Master

op. T1
<latexit sha1_base64="r8K4prBOVR9ZWwMNyJc5HoJ+lzs="></latexit>

op. T2
<latexit sha1_base64="wsZp0NAEfBi+CuX+vq05sOd25fY="></latexit>

op. TM
<latexit sha1_base64="neAL1APoDnsc0+WSH4Mo0NxUsm4="></latexit>

Distributed Algorithms
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Distributed fixed-point problem

4

T : x 2 Rd 7! 1
M

MX

i=1

Ti (x).
<latexit sha1_base64="xlMn1nKprFMTIJxZUGkB+Sv94+A="></latexit>

We define the average operator
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T : x 2 Rd 7! 1
M

MX

i=1

Ti (x).
<latexit sha1_base64="xlMn1nKprFMTIJxZUGkB+Sv94+A="></latexit>

T (x?) = x?.
<latexit sha1_base64="aMiFpDzQdxv8lXmwkSntVdGhmrw="></latexit>

Our goal is to find x? 2 Rd such that
<latexit sha1_base64="XF2rZ5bA65PPhacZ6aZ9h7KOR5k="></latexit>

We define the average operator
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<latexit sha1_base64="xlMn1nKprFMTIJxZUGkB+Sv94+A="></latexit>

T (x?) = x?.
<latexit sha1_base64="aMiFpDzQdxv8lXmwkSntVdGhmrw="></latexit>

Our goal is to find x? 2 Rd such that
<latexit sha1_base64="XF2rZ5bA65PPhacZ6aZ9h7KOR5k="></latexit>

We define the average operator

A fixed-point algorithm iterates:
<latexit sha1_base64="f5vAcCE45PCSxTDJKPdm2vgr7q4="></latexit>

xk+1 = T (xk )
<latexit sha1_base64="ZbM+sEt4ipoYclyikHJUyUsYtKE="></latexit>
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Optimization algorithms
Fixed-point algorithms:
* Find a minimizer of a function

xk+1 = xk � �rF (xk )
<latexit sha1_base64="GiqsAnhcC/MX/gZZe47DOmfu2h4="></latexit>

Gradient descent:

Proximal point algorithm:

xk+1 = arg min
x

F (x) + 1
2� kx � xkk2

<latexit sha1_base64="cVSlmc2pDaWlRlzLuXr/1Un3D3A="></latexit>
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Fixed-point algorithms:
* Find a minimizer of a function

* Proximal splitting algorithms
* Primal-dual algorithms
* Cyclic or shuffled GD
* (Block-)coordinate methods
* Methods with inertia, momentum...
* Conjugate gradient methods
* Higher-order methods
* ...

Optimization algorithms
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Fixed-point algorithms:
* Find a minimizer of a function
* Find a saddle point of a convex-concave function
* Find a solution of a PDE
* Find an eigenvector
* Solve a monotone inclusion or variational inequality
* ...

Fixed-point methods
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Algorithm 1

9

Algorithm 1 Local distributed fixed-point method
Input: Initial estimate x̂0 2 Rd , stepsize � > 0,
sequence of synchronization times 0 = t0 < t1 < ...
Initialize: x0

i := x̂0, for i = 1, ... , M
for k = 0, 1, ... do

for i = 1, 2, ... , M in parallel do
hk+1

i := (1 � �)xk
i + �Ti (xk

i )
if k + 1 = tn, for some n, then

Communicate hk+1
i to master node

else
xk+1

i := hk+1
i

end if
end for
if k + 1 = tn, for some n, then

At master node: x̂ k+1 := 1
M
PM

i=1 hk+1
i

Broadcast: xk+1
i := x̂ k+1 for all i = 1, ... , M

end if
end for

<latexit sha1_base64="zlysDu2MG/c15c+zgpUNZOKh+6Q="></latexit>
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<latexit sha1_base64="zlysDu2MG/c15c+zgpUNZOKh+6Q="></latexit>

n-th epoch:
sequence
of iterations
k + 1 = tn�1 + 1, ... , tn

<latexit sha1_base64="Q83XCcACEp+OBviZWhTN0ieIqHE="></latexit>
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Communication times

Nb of iterations in each epoch supposed bounded:

Assumption: 1  tn � tn�1  H, for every n � 1.
<latexit sha1_base64="047m4CiEAeJBnM7BT4CaqTqKwVU="></latexit>
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Communication times

Nb of iterations in each epoch supposed bounded:

Assumption: 1  tn � tn�1  H, for every n � 1.
<latexit sha1_base64="047m4CiEAeJBnM7BT4CaqTqKwVU="></latexit>

Example:
tn = nH

<latexit sha1_base64="oDn9DYW/dTPyM7S5EfRe2hiKsF8="></latexit>
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Analysis in the contractive case

tn = nH
<latexit sha1_base64="aIumEdLJ90oZeOmQ50ZgeR179w8="></latexit>

All Ti are �-contractive, for � 2 [0, 1)
<latexit sha1_base64="eF+Zt4GPBJej+Ka7ws5ZcXHKwrs="></latexit>

• 
• 

kTi (x) � Ti (y )k  �kx � yk, 8x , y
<latexit sha1_base64="GNYss/O6vDWyrd0eZsqfE1bmrH0="></latexit>

i.e.
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Analysis in the contractive case

tn = nH
<latexit sha1_base64="aIumEdLJ90oZeOmQ50ZgeR179w8="></latexit>

All Ti are �-contractive, for � 2 [0, 1)
<latexit sha1_base64="eF+Zt4GPBJej+Ka7ws5ZcXHKwrs="></latexit>

• 
• 

We define the operator

eT =
1
M

MX

i=1

�
�Ti + (1 � �)Id

�H

<latexit sha1_base64="P3PCe1cHUJhXJCaona5L/d5hjpY="></latexit>

x̂
(n+1)H =

1
M

MX

i=1

h
(n+1)H
i

= eT (x̂nH )
<latexit sha1_base64="Rx/K8dxjhDNy1Fd7cowpXXYOSf0="></latexit>

Then
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Analysis in the contractive case

Theorem 2.11 (linear convergence) The fixed point x† of
eT exists and is unique, and x̂nH converges linearly to x†.
More precisely,

(i) eT is ⇠H -contractive, with ⇠ = max
�
�� + (1 � �),�(1 + �) � 1

�
.

(ii) 8n 2 N, kx̂ (n+1)H � x†k  ⇠Hkx̂nH � x†k.

(iii) 8n 2 N, kx̂nH � x†k  ⇠nHkx̂0 � x†k.
<latexit sha1_base64="GXGB3cCFXm5or6ypmqH72Mkpdxc="></latexit>
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(iii) 8n 2 N, kx̂nH � x†k  ⇠nHkx̂0 � x†k.
<latexit sha1_base64="GXGB3cCFXm5or6ypmqH72Mkpdxc="></latexit>

Note: Without further knowledge, set � = 1.
<latexit sha1_base64="w3x8Oj6KDsBNprbmoL+OR3Fw/zs="></latexit>
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Analysis in the contractive case

Theorem 2.14 (size of the neighborhood)
Suppose that � = 1. So, ⇠ = �. Then

kx
† � x

?k  S,

where

S =
⇠

1 � ⇠

1 � ⇠H�1

1 � ⇠H

1
M

MX

i=1

kTi (x?) � x
?k.

<latexit sha1_base64="zCIvZEBOW78ivagoJuWZPRIZMiA="></latexit>
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<latexit sha1_base64="zCIvZEBOW78ivagoJuWZPRIZMiA="></latexit>

Note 1: S = 0 if H = 1, or M = 1, or Ti = T , or ⇠ = 0.
<latexit sha1_base64="24d0uk36HAL52fIJKvBkp/FI4o0="></latexit>
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<latexit sha1_base64="zCIvZEBOW78ivagoJuWZPRIZMiA="></latexit>

Note 2: If H : 1 % +1, S : 0 % S1 with
<latexit sha1_base64="/uGGfrVk5mjE2JlIZ1V8zu7xLLs="></latexit>

S1 =
⇠

1 � ⇠

1
M

MX

i=1

kTi (x?) � x?k.
<latexit sha1_base64="yY+tj3S/y1X2Od/kN6DE5ZuODSI="></latexit>

Note 1: S = 0 if H = 1, or M = 1, or Ti = T , or ⇠ = 0.
<latexit sha1_base64="24d0uk36HAL52fIJKvBkp/FI4o0="></latexit>



Fixed-Point Methods with Local Steps

KAUST

/ 2215

Analysis in the contractive case

Theorem 2.14 (size of the neighborhood)
Suppose that � = 1. So, ⇠ = �. Then

kx
† � x

?k  S,

where

S =
⇠

1 � ⇠

1 � ⇠H�1

1 � ⇠H

1
M

MX

i=1

kTi (x?) � x
?k.

<latexit sha1_base64="zCIvZEBOW78ivagoJuWZPRIZMiA="></latexit>

Corollary: For every n 2 N,
<latexit sha1_base64="XlCQBWNAGlcfYzbvVwYfZ282FIA="></latexit>

kx̂
nH � x

?k  ⇠nHkx̂
0 � x

†k + S

 ⇠nH (kx̂
0 � x

?k + S) + S.
<latexit sha1_base64="aNEvVZiC1ZPx1Ch5h50mOixSJos="></latexit>
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Results: logistic regression
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x?
<latexit sha1_base64="cYDmkYI8j3U6dWHm1x0TEL0GNEU="></latexit>

x†
<latexit sha1_base64="PWZsSoZSQ8CvHyfP8ug+1ITWCp0="></latexit>

Epsilon-accuracy

17
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x?
<latexit sha1_base64="cYDmkYI8j3U6dWHm1x0TEL0GNEU="></latexit>

x†
<latexit sha1_base64="PWZsSoZSQ8CvHyfP8ug+1ITWCp0="></latexit>

Epsilon-accuracy

Local GD:
O
� L
µ

1
H log( 1

✏ )
�

<latexit sha1_base64="po9pHWqPS3XoJXswkNrKCzuPSgA="></latexit>

but

Note:

H = O(1 + ✏)
<latexit sha1_base64="Vc9R4TQvYIHf/nI6vA/EKPUy20g="></latexit>

O
�

L

µ log( 1
✏ )
�

<latexit sha1_base64="u4C8PNrXV5hIGp34PSy0RZd8E1Q="></latexit>
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Analysis in the non-contractive case

tn = nH
<latexit sha1_base64="aIumEdLJ90oZeOmQ50ZgeR179w8="></latexit>• convergence to x†, a fixed point of

eT = 1
M

PM

i=1
�
�Ti + (1 � �)Id

�H

<latexit sha1_base64="sQnbhJ6oWrCRZvTi4SK9Ow3pE2s="></latexit>

sublinear rates on kx̂ (n+1)H � x̂nHk2 or kx̂ k � T (x̂ k )k2
<latexit sha1_base64="rSs2PbTIQ1PRS8K/LDN2rN5gqO8="></latexit>

• 

• tn = nH
<latexit sha1_base64="aIumEdLJ90oZeOmQ50ZgeR179w8="></latexit>

convergence w.r.t. nb. epochs
1 to H times faster

<latexit sha1_base64="W7hX89hU4s60Cp3q9lPIYosm6qs="></latexit>
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Algorithm 1 Randomized distributed fixed-point method
Input: Initial estimate x̂0 2 Rd , stepsize � > 0,
communication probability 0 < p  1
Initialize: x0

i = x̂0, for all i = 1, ... , M
for k = 1, 2, ... do

for i = 1, 2, ... , M in parallel do
hk+1

i := (1 � �)xk
i + �Ti (xk

i )
end for
Flip a coin and
with probability p do

Communicate hk+1
i to master, for i = 1, ... , M

At master node: x̂ k+1 := 1
M
PM

i=1 hk+1
i

Broadcast: xk+1
i := x̂ k+1, for all i = 1, ... , M

else, with probability 1 � p, do
xk+1

i := hk+1
i , for all i = 1, ... , M

end for
<latexit sha1_base64="EQ7A/6LvU0cvOvSJDHe2Mz6SBbw="></latexit>

2
<latexit sha1_base64="eg06qBuPzO70QTjhbPswlLmn6O4="></latexit>

Algorithm 2
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Analysis of Algorithm 2

 k := kx̂ k � x?k2 +
5�
p

1
M

MX

i=1

���xk
i � x̂ k

���
2

<latexit sha1_base64="bDDYjwvv3TlZ9gfESZTQVmUqYiw="></latexit>

Lyapunov function:

Assumption 3.1
(1 + ⇢)kTi (x) � Ti (y )k2  kx � yk2 � kx � Ti (x) � y + Ti (y )k2

for some ⇢ > 0
<latexit sha1_base64="B4X4PGrw/3SqLEtHXz2c631oc8I="></latexit>
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 k := kx̂ k � x?k2 +
5�
p

1
M

MX

i=1

���xk
i � x̂ k

���
2

<latexit sha1_base64="bDDYjwvv3TlZ9gfESZTQVmUqYiw="></latexit>

Lyapunov function:

Assumption 3.1
(1 + ⇢)kTi (x) � Ti (y )k2  kx � yk2 � kx � Ti (x) � y + Ti (y )k2

for some ⇢ > 0
<latexit sha1_base64="B4X4PGrw/3SqLEtHXz2c631oc8I="></latexit>

For � small enough:
<latexit sha1_base64="wOTBL9wAWn/5SxHofYhIxRUM67U="></latexit>

E[ k ] 
✓

1 � min
✓

�⇢

1 + ⇢
,

p
5

◆◆k

 0 +
150

min
⇣

�⇢
1+⇢ , p

5

⌘
p2

�3

M

MX

i=1

kx? � Ti (x?)k2

<latexit sha1_base64="dwFZXzDKCvLVBvI8ttcKBkkTYcE="></latexit>

Theorem 3.2
<latexit sha1_base64="Rr2nxRhWYDnf2Ybx2Nf/vs9CT2A="></latexit>
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Local steps: good to achieve a medium-accuracy 
solution faster, if communication is the bottleneck

Conclusion


