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Thermodynamic Variational Objective
• TVO is a recent objective for training deep generative models 

• Generalizes and tightens the ELBO 

•   
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Problems with TVO
• Gap in TVO bounds previously unknown 

• Choosing intermediate 

• Log-uniform spacing, static across epochs 

• Required grid search over   
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Exponential Family Interpretation
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Our Contributions
• TVO Bound Gaps using Bregman Divergences 

• Adaptively select            using dual 
parameters of exponential family 

• Single β can notably improve upon ELBO

2) Grosse et. al. “Annealing between Distributions by Averaging Moments”.  NeurIPS 2013
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<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

TVOL(✓,�, x)

<latexit sha1_base64="TCBlqmO/U+9a5Qe3HibMSB0Npkg="></latexit>

�k

<latexit sha1_base64="yMbAQ7JcQHJzKFE7BTKTe1VVXic="></latexit>

�k�1

<latexit sha1_base64="3HUQcfSb6lwTTWoXTXbBMtHpAxY="></latexit>

DKL[⇡�k�1 ||⇡�k ]

<latexit sha1_base64="vmBeyHtoX8CPXcKPwisGA+OGyqw="></latexit>

6

{�k }Kk=1

<latexit sha1_base64="JTaVZyA/G3he1qMwENcxUWJDbPc="></latexit>



Rest of this Talk
• Path Exponential Family 

• Bregman Divergence intuition 

• Moments Scheduling 

• Results 

• Future Directions
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Path Exponential Family
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Path Exponential Family

•                 

• Strictly convex in β                           

/ q�(z|x)⇠⇠⇠⇠exp log

✓
p✓(x, z)

q�(z|x)

◆�

<latexit sha1_base64="hU7r9SnFvpEmts/RK4DLb+V5BOw="></latexit>

/ q�(z|x)1�� p✓(x, z)
�

<latexit sha1_base64="djio3ctRBG+rt6+8PqPKwjaEuZ4="></latexit>

⇡�(z|x) = q�(z|x) exp{� · log p✓(x, z)

q�(z|x)
� logZ�(x)}

<latexit sha1_base64="nRyURZ+Uvh2sXIxuZG92SUrJYBQ="></latexit>

0
<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

�2

<latexit sha1_base64="ASPlh+8CgwShCSmFPuERlmA/MzQ="></latexit>

�1

<latexit sha1_base64="kRXtu7LnHhTrhkk3TCzwO3Q5WI8="></latexit>

�3

<latexit sha1_base64="M6x1MJUkiPEbnzrIxZKOpmcmnM8="></latexit>

logZ�(x)

<latexit sha1_base64="hcSxWeaFtukFUCDaXzui2zkZIY0="></latexit>

logZ�(x) = log

Z
q�(z|x)1�� p✓(x, z)

� dz

<latexit sha1_base64="zNLPwj4seWsfgrIV9aV3ZGJFcsk="></latexit>

=) r� logZ�(x)

<latexit sha1_base64="wWSL0j21Y2tTT5d219REKpVR1Do="></latexit>

strictly increasing 
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Mean Parameters

0
<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

�2

<latexit sha1_base64="ASPlh+8CgwShCSmFPuERlmA/MzQ="></latexit>

�1

<latexit sha1_base64="kRXtu7LnHhTrhkk3TCzwO3Q5WI8="></latexit>

�3

<latexit sha1_base64="M6x1MJUkiPEbnzrIxZKOpmcmnM8="></latexit>

⌘1

<latexit sha1_base64="HO6QohiSkNUGS8PTdbMu3pFRCEU="></latexit>

⌘2

<latexit sha1_base64="+ZzagxydovLDaUIVh/KXsdz2RTo="></latexit>

⌘3

<latexit sha1_base64="8u76zPz3UuS80YBJT2ncq3yoytQ="></latexit>

logZ�(x)

<latexit sha1_base64="hcSxWeaFtukFUCDaXzui2zkZIY0="></latexit>

as a dual parameterization 

=) ⌘k := r� logZ�k(x)

<latexit sha1_base64="w+NbMOVr8Cwxi1/46Rd1lgdigkE="></latexit>

⇡�(z|x) = q�(z|x) exp {� · log p✓(x, z)

q�(z|x)
| {z }

Sufficient
Statistics

� logZ�}

<latexit sha1_base64="UiRCdUAecWp2fUREeOJ/AYomJ/o="></latexit>

⌘k :=r� logZ�k(x) = E⇡�k

⇥
log

p✓(x, z)

q�(z|x)
⇤

<latexit sha1_base64="vkSyhl9/cl6B825yFQTW/j8j2F0="></latexit>
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Thermodynamic Integration
• Consider endpoints 

• Thermodynamic Integration /  Fundamental Theorem of Calculus

• ⇡1(z|x) / p✓(x, z)

<latexit sha1_base64="lrzTBFkWfrTewKj5WppPXnY4bxw="></latexit>

logZ1 = log p✓(x)

<latexit sha1_base64="HZAqt2sGuWztdRIw7IDWT/M27C4="></latexit>

•

⇡0(z|x) = q�(z|x)

<latexit sha1_base64="4Jo8FewNBcsoQD2wocGrS6KX/X0="></latexit>

• logZ0 = 0

<latexit sha1_base64="kkiHPO3KN4po3MGS2KedG4QOxdo="></latexit>

•

⇡�(z|x) =
q�(z|x)1��p✓(x, z)

�

Z�(x)

<latexit sha1_base64="zgdQRqXMjheICalggbcqYpjmFUI="></latexit>

logZ1 � logZ0 =

1Z

0

r� logZ�(x) d�

<latexit sha1_base64="T8xH+wprP0DGKF64KnhLp51qCjs="></latexit>
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Thermodynamic Integration
• Consider endpoints 

• Thermodynamic Integration /  Fundamental Theorem of Calculus

• ⇡1(z|x) / p✓(x, z)

<latexit sha1_base64="lrzTBFkWfrTewKj5WppPXnY4bxw="></latexit>

logZ1 = log p✓(x)

<latexit sha1_base64="HZAqt2sGuWztdRIw7IDWT/M27C4="></latexit>

•

⇡0(z|x) = q�(z|x)

<latexit sha1_base64="4Jo8FewNBcsoQD2wocGrS6KX/X0="></latexit>

• logZ0 = 0

<latexit sha1_base64="kkiHPO3KN4po3MGS2KedG4QOxdo="></latexit>

•

⇡�(z|x) =
q�(z|x)1��p✓(x, z)

�

Z�(x)

<latexit sha1_base64="zgdQRqXMjheICalggbcqYpjmFUI="></latexit>

log p✓(x)� 0 =

1Z

0

r� logZ�(x) d�

<latexit sha1_base64="hQ3ipGi5KRuc0IFZEIeiwChdSYk="></latexit>
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Thermodynamic Integration
• Consider endpoints 

• Thermodynamic Integration /  Fundamental Theorem of Calculus

• ⇡1(z|x) / p✓(x, z)

<latexit sha1_base64="lrzTBFkWfrTewKj5WppPXnY4bxw="></latexit>

logZ1 = log p✓(x)

<latexit sha1_base64="HZAqt2sGuWztdRIw7IDWT/M27C4="></latexit>

•

⇡0(z|x) = q�(z|x)

<latexit sha1_base64="4Jo8FewNBcsoQD2wocGrS6KX/X0="></latexit>

• logZ0 = 0

<latexit sha1_base64="kkiHPO3KN4po3MGS2KedG4QOxdo="></latexit>

•

⇡�(z|x) =
q�(z|x)1��p✓(x, z)

�

Z�(x)

<latexit sha1_base64="zgdQRqXMjheICalggbcqYpjmFUI="></latexit>

13

log p✓(x) =

1Z

0

⌘� d�

<latexit sha1_base64="tpIwZXgLu2sD6F0ngxTYWiSIYOM="></latexit>



Thermodynamic Integration
• Consider endpoints 

• Thermodynamic Integration /  Fundamental Theorem of Calculus

• ⇡1(z|x) / p✓(x, z)

<latexit sha1_base64="lrzTBFkWfrTewKj5WppPXnY4bxw="></latexit>

logZ1 = log p✓(x)

<latexit sha1_base64="HZAqt2sGuWztdRIw7IDWT/M27C4="></latexit>

•

⇡0(z|x) = q�(z|x)

<latexit sha1_base64="4Jo8FewNBcsoQD2wocGrS6KX/X0="></latexit>

• logZ0 = 0

<latexit sha1_base64="kkiHPO3KN4po3MGS2KedG4QOxdo="></latexit>

•

⇡�(z|x) =
q�(z|x)1��p✓(x, z)

�

Z�(x)

<latexit sha1_base64="zgdQRqXMjheICalggbcqYpjmFUI="></latexit>

14

log p✓(x) =

1Z

0

E⇡�

⇥
log

p✓(x, z)

q�(z|x)
⇤
d�

<latexit sha1_base64="eGXBloZVPsb2Kx7xnWVPZD09L+E="></latexit>



Thermodynamic Variational Objective
• Lower or Upper bounds via Riemann Sum approximations 

• Since integrand                         is increasing,⌘� = r� logZ�

<latexit sha1_base64="WNe1gpXZGIxavYaXNuymWD33rZA="></latexit>

Left Riemann Sum

0
<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

�k�1

<latexit sha1_base64="y1hmrlc22j/B0ZHMi84Yh17NbFY=">AAACVXicbZBNS8NAEIY38avWz+rRS7AIXiyJFPQoevGoYFVoS5ndTnXNJht2J2oJ+Rle9WeJP0ZwW3sw6gsLL8/MMLMvz5S0FIYfnj83v7C4VFuur6yurW9sNraurc6NwI7QSptbDhaVTLFDkhTeZgYh4QpveHw2qd88orFSp1c0zrCfwF0qR1IAOdTtcSQYFPFBVA42m2ErnCr4a6KZabKZLgYNr90bapEnmJJQYG03CjPqF2BICoVlvZdbzEDEcIddZ1NI0PaL6c1lsOfIMBhp415KwZT+nCggsXaccNeZAN3b37UJ/K/WzWl03C9kmuWEqfheNMpVQDqYBBAMpUFBauwMCCPdrYG4BwOCXEyVLUmuSBr9VFYpxChQqSrlWscE3FZ/jc+ZNpNIhg+5Ja6fy3rd5Rz9TvWvuT5sRe1W+7LdPDmdJV5jO2yX7bOIHbETds4uWIcJptkLe2Vv3rv36c/7i9+tvjeb2WYV+Rtf3zS2hw==</latexit>

�k

<latexit sha1_base64="gcrTaGRC2c7QE6GyZV1NF+ODePk=">AAACUXicbVBNSyNBEK0Zv2L8Xo9eBoPgKcxIQI+iF49Z2BghCaG6U9F2eqaH7ho1hPwIr7s/a0/7U7xtJ+bgqA8KHu9VUVVPFFo5juN/Qbiyura+Udusb23v7O7tH/y4daa0kjrSaGPvBDrSKqcOK9Z0V1jCTGjqivR67nefyDpl8l88KWiQ4X2uxkoie6nbF8Q4TIf7jbgZLxB9JcmSNGCJ9vAgaPVHRpYZ5Sw1OtdL4oIHU7SspKZZvV86KlCmeE89T3PMyA2mi3tn0YlXRtHYWF85Rwv148QUM+cmmfCdGfKD++zNxe+8Xsnji8FU5UXJlMv3ReNSR2yi+fPRSFmSrCeeoLTK3xrJB7Qo2UdU2ZKVmpU1z7OqiilJ0rqqCmNSRuGqX9NLYew8ktFj6ViYl1m97nNOPqf6ldyeNZNWs/Wz1bi8WiZegyM4hlNI4Bwu4Qba0AEJKbzCb/gT/A3eQgjD99YwWM4cQgXh1n+yAbUJ</latexit>

TVOL(✓,�, x)

<latexit sha1_base64="TCBlqmO/U+9a5Qe3HibMSB0Npkg="></latexit>

⌘�

<latexit sha1_base64="0JdObQyNfDMJMIHQPvNW9rlK8zo="></latexit>

0
<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

�k�1

<latexit sha1_base64="y1hmrlc22j/B0ZHMi84Yh17NbFY=">AAACVXicbZBNS8NAEIY38avWz+rRS7AIXiyJFPQoevGoYFVoS5ndTnXNJht2J2oJ+Rle9WeJP0ZwW3sw6gsLL8/MMLMvz5S0FIYfnj83v7C4VFuur6yurW9sNraurc6NwI7QSptbDhaVTLFDkhTeZgYh4QpveHw2qd88orFSp1c0zrCfwF0qR1IAOdTtcSQYFPFBVA42m2ErnCr4a6KZabKZLgYNr90bapEnmJJQYG03CjPqF2BICoVlvZdbzEDEcIddZ1NI0PaL6c1lsOfIMBhp415KwZT+nCggsXaccNeZAN3b37UJ/K/WzWl03C9kmuWEqfheNMpVQDqYBBAMpUFBauwMCCPdrYG4BwOCXEyVLUmuSBr9VFYpxChQqSrlWscE3FZ/jc+ZNpNIhg+5Ja6fy3rd5Rz9TvWvuT5sRe1W+7LdPDmdJV5jO2yX7bOIHbETds4uWIcJptkLe2Vv3rv36c/7i9+tvjeb2WYV+Rtf3zS2hw==</latexit>

�k

<latexit sha1_base64="gcrTaGRC2c7QE6GyZV1NF+ODePk=">AAACUXicbVBNSyNBEK0Zv2L8Xo9eBoPgKcxIQI+iF49Z2BghCaG6U9F2eqaH7ho1hPwIr7s/a0/7U7xtJ+bgqA8KHu9VUVVPFFo5juN/Qbiyura+Udusb23v7O7tH/y4daa0kjrSaGPvBDrSKqcOK9Z0V1jCTGjqivR67nefyDpl8l88KWiQ4X2uxkoie6nbF8Q4TIf7jbgZLxB9JcmSNGCJ9vAgaPVHRpYZ5Sw1OtdL4oIHU7SspKZZvV86KlCmeE89T3PMyA2mi3tn0YlXRtHYWF85Rwv148QUM+cmmfCdGfKD++zNxe+8Xsnji8FU5UXJlMv3ReNSR2yi+fPRSFmSrCeeoLTK3xrJB7Qo2UdU2ZKVmpU1z7OqiilJ0rqqCmNSRuGqX9NLYew8ktFj6ViYl1m97nNOPqf6ldyeNZNWs/Wz1bi8WiZegyM4hlNI4Bwu4Qba0AEJKbzCb/gT/A3eQgjD99YwWM4cQgXh1n+yAbUJ</latexit>

⌘�

<latexit sha1_base64="0JdObQyNfDMJMIHQPvNW9rlK8zo="></latexit>

log p✓(x)

<latexit sha1_base64="a6xXo1anyBU3SREA0DW9bV9XfUg="></latexit>

log p✓(x)

<latexit sha1_base64="nJT/zlvfm0fYULyGeHxHbWcFIVw="></latexit>



<latexit sha1_base64="bZ+LTLuLm0Urqp2hKrwr4rvrNxc="></latexit>

Right Riemann Sum

0
<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

�k�1

<latexit sha1_base64="y1hmrlc22j/B0ZHMi84Yh17NbFY=">AAACVXicbZBNS8NAEIY38avWz+rRS7AIXiyJFPQoevGoYFVoS5ndTnXNJht2J2oJ+Rle9WeJP0ZwW3sw6gsLL8/MMLMvz5S0FIYfnj83v7C4VFuur6yurW9sNraurc6NwI7QSptbDhaVTLFDkhTeZgYh4QpveHw2qd88orFSp1c0zrCfwF0qR1IAOdTtcSQYFPFBVA42m2ErnCr4a6KZabKZLgYNr90bapEnmJJQYG03CjPqF2BICoVlvZdbzEDEcIddZ1NI0PaL6c1lsOfIMBhp415KwZT+nCggsXaccNeZAN3b37UJ/K/WzWl03C9kmuWEqfheNMpVQDqYBBAMpUFBauwMCCPdrYG4BwOCXEyVLUmuSBr9VFYpxChQqSrlWscE3FZ/jc+ZNpNIhg+5Ja6fy3rd5Rz9TvWvuT5sRe1W+7LdPDmdJV5jO2yX7bOIHbETds4uWIcJptkLe2Vv3rv36c/7i9+tvjeb2WYV+Rtf3zS2hw==</latexit>

�k

<latexit sha1_base64="gcrTaGRC2c7QE6GyZV1NF+ODePk=">AAACUXicbVBNSyNBEK0Zv2L8Xo9eBoPgKcxIQI+iF49Z2BghCaG6U9F2eqaH7ho1hPwIr7s/a0/7U7xtJ+bgqA8KHu9VUVVPFFo5juN/Qbiyura+Udusb23v7O7tH/y4daa0kjrSaGPvBDrSKqcOK9Z0V1jCTGjqivR67nefyDpl8l88KWiQ4X2uxkoie6nbF8Q4TIf7jbgZLxB9JcmSNGCJ9vAgaPVHRpYZ5Sw1OtdL4oIHU7SspKZZvV86KlCmeE89T3PMyA2mi3tn0YlXRtHYWF85Rwv148QUM+cmmfCdGfKD++zNxe+8Xsnji8FU5UXJlMv3ReNSR2yi+fPRSFmSrCeeoLTK3xrJB7Qo2UdU2ZKVmpU1z7OqiilJ0rqqCmNSRuGqX9NLYew8ktFj6ViYl1m97nNOPqf6ldyeNZNWs/Wz1bi8WiZegyM4hlNI4Bwu4Qba0AEJKbzCb/gT/A3eQgjD99YwWM4cQgXh1n+yAbUJ</latexit>

⌘�

<latexit sha1_base64="0JdObQyNfDMJMIHQPvNW9rlK8zo="></latexit>

TVOU (✓,�, x)

<latexit sha1_base64="UDrC3wS+gFY5/cctpQsHFl1qVDQ="></latexit>



<latexit sha1_base64="bZ+LTLuLm0Urqp2hKrwr4rvrNxc="></latexit>

15



Thermodynamic Variational Objective
• Log likelihood as an integral 

• Left Riemann Lower Bound 

• Self-normalized importance sampling for each             

0
<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

�k�1

<latexit sha1_base64="y1hmrlc22j/B0ZHMi84Yh17NbFY=">AAACVXicbZBNS8NAEIY38avWz+rRS7AIXiyJFPQoevGoYFVoS5ndTnXNJht2J2oJ+Rle9WeJP0ZwW3sw6gsLL8/MMLMvz5S0FIYfnj83v7C4VFuur6yurW9sNraurc6NwI7QSptbDhaVTLFDkhTeZgYh4QpveHw2qd88orFSp1c0zrCfwF0qR1IAOdTtcSQYFPFBVA42m2ErnCr4a6KZabKZLgYNr90bapEnmJJQYG03CjPqF2BICoVlvZdbzEDEcIddZ1NI0PaL6c1lsOfIMBhp415KwZT+nCggsXaccNeZAN3b37UJ/K/WzWl03C9kmuWEqfheNMpVQDqYBBAMpUFBauwMCCPdrYG4BwOCXEyVLUmuSBr9VFYpxChQqSrlWscE3FZ/jc+ZNpNIhg+5Ja6fy3rd5Rz9TvWvuT5sRe1W+7LdPDmdJV5jO2yX7bOIHbETds4uWIcJptkLe2Vv3rv36c/7i9+tvjeb2WYV+Rtf3zS2hw==</latexit>

�k

<latexit sha1_base64="gcrTaGRC2c7QE6GyZV1NF+ODePk=">AAACUXicbVBNSyNBEK0Zv2L8Xo9eBoPgKcxIQI+iF49Z2BghCaG6U9F2eqaH7ho1hPwIr7s/a0/7U7xtJ+bgqA8KHu9VUVVPFFo5juN/Qbiyura+Udusb23v7O7tH/y4daa0kjrSaGPvBDrSKqcOK9Z0V1jCTGjqivR67nefyDpl8l88KWiQ4X2uxkoie6nbF8Q4TIf7jbgZLxB9JcmSNGCJ9vAgaPVHRpYZ5Sw1OtdL4oIHU7SspKZZvV86KlCmeE89T3PMyA2mi3tn0YlXRtHYWF85Rwv148QUM+cmmfCdGfKD++zNxe+8Xsnji8FU5UXJlMv3ReNSR2yi+fPRSFmSrCeeoLTK3xrJB7Qo2UdU2ZKVmpU1z7OqiilJ0rqqCmNSRuGqX9NLYew8ktFj6ViYl1m97nNOPqf6ldyeNZNWs/Wz1bi8WiZegyM4hlNI4Bwu4Qba0AEJKbzCb/gT/A3eQgjD99YwWM4cQgXh1n+yAbUJ</latexit>

TVOL(✓,�, x)

<latexit sha1_base64="TCBlqmO/U+9a5Qe3HibMSB0Npkg="></latexit>

⌘�

<latexit sha1_base64="0JdObQyNfDMJMIHQPvNW9rlK8zo="></latexit>

log p✓(x) =

1Z

0

E⇡�

⇥
log

p✓(x, z)

q�(z|x)
⇤

| {z }

d�

<latexit sha1_base64="aw3smR1I0lqophrPDZ+ej5x2Yhs="></latexit>

log p✓(x) �
K�1X

k=0

(�k+1 � �k)E⇡�k

⇥
log

p✓(x, z)

q�(z|x)
⇤

<latexit sha1_base64="ka4IFuer2K+cbRtTPEbacDyNQis="></latexit>

E⇡�k

⇥
·
⇤

<latexit sha1_base64="2HNneCpC8dV9JtCwOSfw8pqcR+Q="></latexit>

16



Bregman Divergence

17



• Let                          , which is convex   

• We can then define the Bregman Divergence

Bregman Divergence
 (�) := logZ�(x)

<latexit sha1_base64="k35c0c2Yr/CVIQmt4z2GYGTOiZk="></latexit>

18

D [�k+1 : �k] =  (�k+1)�  (�k)� (�k+1 � �k) ·r (�k)

<latexit sha1_base64="EK8BLTm2KeqEq4SyVQXndWgbrEo="></latexit>



• Let                          , which is convex   

• We can then define the Bregman Divergence 

• For              , Bregman divergence = KL divergence

Bregman Divergence
 (�) := logZ�(x)

<latexit sha1_base64="k35c0c2Yr/CVIQmt4z2GYGTOiZk="></latexit>

D [�k+1 : �k] = DKL[⇡�k ||⇡�k+1 ]

<latexit sha1_base64="nCHdAD8rpwIzHr3wr4KLRZm2yDQ="></latexit>

logZ�(x)

<latexit sha1_base64="icfvjbhEni/m7jQrClaMqw7iI4o="></latexit>

(w/arguments reversed)

19

0
<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

 (�)

<latexit sha1_base64="KSdjeTMLC4sBSIytO8G9iju8kXg="></latexit>

�k

<latexit sha1_base64="bqBOOAMlIqmS5ADqZfIjVVJoowQ="></latexit>

�k+1

<latexit sha1_base64="JHGOdi5y0t3xlfCdQ3BFyh9qsnk="></latexit>

D [�k+1 : �k]

<latexit sha1_base64="S/JxeDcx7c5K8l3wScCrUcpfLe8="></latexit>

D [�k+1 : �k] =  (�k+1) �  (�k)� (�k+1 � �k) ·r� (�k)

| {z }
First order Taylor Approximation

<latexit sha1_base64="Tz1ShLnJaJ5TkPBZLTwSeXbBmGI="></latexit>



Gap in TVO Lower Bound

20

 (�k+1)�  (�k)
| {z }

� (�k+1 � �k) ·r�  (�k)
| {z }

= D [�k+1 : �k]
| {z }

<latexit sha1_base64="rfIBlsEl9sb0VTC9NNOQ+ukprck="></latexit>



Gap in TVO Lower Bound

Area under curve

<latexit sha1_base64="4A0t3bM4YhgO2pHVhx/kl07hfyg="></latexit>

�k+1Z

�k

r� logZ� d�

<latexit sha1_base64="i3dwF3nNWYwHnF4uGutfzUn1ltA="></latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

0
<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

⌘�

<latexit sha1_base64="yCfuUueVG6u4O6bcD+o+EECYcqo="></latexit>

�k

<latexit sha1_base64="45q55fNL+Gx4RVAju8nT8zHCSIg="></latexit>

�k+1

<latexit sha1_base64="fo1r+lQQX61A6UHvd2j3dwG/gKE="></latexit>

21

logZ�k+1 � logZ�k

| {z }
� (�k+1 � �k) ·r� logZ�k

| {z }
= D [�k+1 : �k]

| {z }

<latexit sha1_base64="okZR+Zi8pYtzlg0sSzBdpLZxhNM="></latexit>

DKL[⇡�k ||⇡�k+1 ]

<latexit sha1_base64="b0wVynNuZkc7jZpyG3ZMWTFRa4E="></latexit>

=

<latexit sha1_base64="mYMUXAg95UwToQSZeNFjzHoOOZU="></latexit>

0
<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

�k

<latexit sha1_base64="yMbAQ7JcQHJzKFE7BTKTe1VVXic="></latexit>

⌘�

<latexit sha1_base64="yCfuUueVG6u4O6bcD+o+EECYcqo="></latexit>

DKL[⇡�k ||⇡�k+1 ]

<latexit sha1_base64="f7ZPtZ53EAcNjlQVrMlk1y4L68U="></latexit>

�k+1

<latexit sha1_base64="fo1r+lQQX61A6UHvd2j3dwG/gKE="></latexit>

Left Riemann term

<latexit sha1_base64="xPsNw6lpKsYZx+93P8meJkbSLUs="></latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

0
<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

⌘�

<latexit sha1_base64="yCfuUueVG6u4O6bcD+o+EECYcqo="></latexit>

�k

<latexit sha1_base64="45q55fNL+Gx4RVAju8nT8zHCSIg="></latexit>

�k+1

<latexit sha1_base64="fo1r+lQQX61A6UHvd2j3dwG/gKE="></latexit>

Width

<latexit sha1_base64="ZMeScmr2gF4GPTVAvj8lxLiUtG8="></latexit>

·

<latexit sha1_base64="invPK+IVCaAIZNO+WQKjmbTp8Kc="></latexit>

Height

<latexit sha1_base64="48pbc+a5x6ZsCphVJsoegmIGnlY="></latexit>

�

<latexit sha1_base64="Rx5wqCX1yoI2YvwzjPYMHt6+Jg0="></latexit>

(�k+1 � �k) · ⌘�k

<latexit sha1_base64="6R1poP3NseTzVqjxwzM0ApaSAfs="></latexit>



Bregman Divergences in TVO
• TVO Lower Bound (Left Riemann):  

• TVO Upper Bound (Right Riemann): 

• Additional analysis:

LTVOU = log p✓(x) +
K�1X

k=0

DKL[⇡�k+1(z|x)||⇡�k(z|x)]

<latexit sha1_base64="wJi2YxkPdqTlbxxdyMX3nJoJlCE="></latexit>

LTVOL = log p✓(x) �
K�1X

k=0

DKL[⇡�k(z|x)||⇡�k+1(z|x)]

<latexit sha1_base64="D/wc9ATJVuRFbctrYUVR8BFkulE="></latexit>

22

• Symmetrized KL divergence
• Taylor Remainder theorem
• Renyi Divergence VI  (Li and Turner 2016)



Moments Scheduling

23



Choosing β “Schedules”
• Budget of K intermediate points as a hyper parameter 

• Goal: Assign more intermediate     where integrand is changing quickly 

• Shape of the TVO integrand related to posterior mismatch 

• Adaptive choice of              based on training progress 

�k

<latexit sha1_base64="bqBOOAMlIqmS5ADqZfIjVVJoowQ="></latexit>

{�k }Kk=1

<latexit sha1_base64="JTaVZyA/G3he1qMwENcxUWJDbPc="></latexit>

24



Moment Spacing Schedule
• Find     to yield equal spacing in the mean parameters      2 

• Legendre transform 

• Efficient with SNIS, binary search 

• Corresponds to Lebesgue integration

�k

<latexit sha1_base64="bqBOOAMlIqmS5ADqZfIjVVJoowQ="></latexit>

⌘k

<latexit sha1_base64="6M0Xx4ZlYVPcIrYlMJR27JB5qVM="></latexit>

2) Grosse et. al. “Annealing between Distributions by Averaging Moments”.  NeurIPS 2013

0
<latexit sha1_base64="+bcvVsgReT4e+AN7PozBeVeZPe8=">AAACS3icbVDLTgJBEJxFUcQX6NHLRmLiiewqRo9ELx4hkUcCGzI7NDgyu7OZ6VXIhi/wqp/lB/gd3owHh8fBBSvppFLVne4uPxJco+N8WpmNzezWdm4nv7u3f3BYKB41tYwVgwaTQqq2TzUIHkIDOQpoRwpo4Ato+aO7md96BqW5DB9wEoEX0GHIB5xRNFLd6RVKTtmZw14n7pKUyBK1XtGqdPuSxQGEyATVuuM6EXoJVciZgGm+G2uIKBvRIXQMDWkA2kvml07tM6P07YFUpkK05+rfiYQGWk8C33QGFB/1qjcT//M6MQ5uvISHUYwQssWiQSxslPbsbbvPFTAUE0MoU9zcarNHqihDE05qSxAL5Eq+TNMqHQEDIdKqL+UIqa/TX8M4kmoWSf8p1ujL8TSfNzm7q6muk+ZF2b0sX9UrpertMvEcOSGn5Jy45JpUyT2pkQZhBMgreSPv1of1ZX1bP4vWjLWcOSYpZLK/KcW0OQ==</latexit>

1

<latexit sha1_base64="N7w/IXb3C506Zqfo+1ruaPO5NkQ=">AAACS3icbVBNT8JAEN2iKOIX6NFLIzHxRFpDokeiF4+QyEcCDdluB1zZdpvdqUIIv8Cr/ix/gL/Dm/HgAj1Y8CWTvLw3k5l5fiy4Rsf5tHJb2/md3cJecf/g8Oi4VD5pa5koBi0mhVRdn2oQPIIWchTQjRXQ0BfQ8cd3C7/zDEpzGT3gNAYvpKOIDzmjaKSmOyhVnKqzhL1J3JRUSIrGoGzV+oFkSQgRMkG17rlOjN6MKuRMwLzYTzTElI3pCHqGRjQE7c2Wl87tC6ME9lAqUxHaS/XvxIyGWk9D33SGFB/1urcQ//N6CQ5vvBmP4gQhYqtFw0TYKO3F23bAFTAUU0MoU9zcarNHqihDE05mS5gI5Eq+zLMqHQMDIbKqL+UYqa+zX8MklmoRSfCUaPTlZF4smpzd9VQ3Sfuq6taqtWatUr9NEy+QM3JOLolLrkmd3JMGaRFGgLySN/JufVhf1rf1s2rNWenMKckgl/8FK660Og==</latexit>

2H#Q = ⌘0

<latexit sha1_base64="6+4qeF/7GagqDgb5TD7oX/bn5dU="></latexit>

r� (�)

<latexit sha1_base64="XDTAGLDIdvf7A+IjZkocEveBdsc="></latexit>

⌘k

<latexit sha1_base64="NeBqR9YQGC9qsngqLdTak77GfIY=">AAACUHicbVBNS8NAEJ3U7/itRy/BIngqiRT0KHrxqGCr0JYy2U51zSYbdidqKf0PXvVnefOfeNNtrWDUB8s+3pthZl6cK2k5DN+8yszs3PzC4pK/vLK6tr6xudW0ujCCGkIrba5jtKRkRg2WrOg6N4RprOgqTk7H/tU9GSt1dsmDnDop3mSyLwWyk5ptYuwm3Y1qWAsnCP6SaEqqMMV5d9Ort3taFCllLBRa24rCnDtDNCyFopHfLizlKBK8oZajGaZkO8PJuqNgzym9oK+NexkHE/VnxxBTawdp7CpT5Fv72xuL/3mtgvtHnaHM8oIpE1+D+oUKWAfj24OeNCRYDRxBYaTbNRC3aFCwS6g0JS0US6MfRmUVExKkVFmNtU4YY1u+mh5zbcaR9O4Ky7F+HPm+yzn6nepf0jyoRfVa/aJePT6ZJr4IO7AL+xDBIRzDGZxDAwTcwRM8w4v36r17HxXvq/T7h20ooeJ/AvLJtZw=</latexit>

�k

<latexit sha1_base64="gcrTaGRC2c7QE6GyZV1NF+ODePk=">AAACUXicbVBNSyNBEK0Zv2L8Xo9eBoPgKcxIQI+iF49Z2BghCaG6U9F2eqaH7ho1hPwIr7s/a0/7U7xtJ+bgqA8KHu9VUVVPFFo5juN/Qbiyura+Udusb23v7O7tH/y4daa0kjrSaGPvBDrSKqcOK9Z0V1jCTGjqivR67nefyDpl8l88KWiQ4X2uxkoie6nbF8Q4TIf7jbgZLxB9JcmSNGCJ9vAgaPVHRpYZ5Sw1OtdL4oIHU7SspKZZvV86KlCmeE89T3PMyA2mi3tn0YlXRtHYWF85Rwv148QUM+cmmfCdGfKD++zNxe+8Xsnji8FU5UXJlMv3ReNSR2yi+fPRSFmSrCeeoLTK3xrJB7Qo2UdU2ZKVmpU1z7OqiilJ0rqqCmNSRuGqX9NLYew8ktFj6ViYl1m97nNOPqf6ldyeNZNWs/Wz1bi8WiZegyM4hlNI4Bwu4Qba0AEJKbzCb/gT/A3eQgjD99YwWM4cQgXh1n+yAbUJ</latexit>

2m#Q = ⌘K

<latexit sha1_base64="f8EJMs5j7bvOJ3iluGJnswg+gpM="></latexit>

non-uniform in 

uniform  
  in         ⌘

<latexit sha1_base64="3dP6fiMK+rNlwDArOYOqpnNtUyo="></latexit>

�

<latexit sha1_base64="8fNj+m4qwUBz4uuTj0hmoPn4AH0="></latexit>
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Results
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Results
• TVO with single intermediate  

• (2 term Riemann approx) 

• Compare with: 

• Grid search over 

• ELBO  (single term          )

�1

<latexit sha1_base64="kRXtu7LnHhTrhkk3TCzwO3Q5WI8="></latexit>

�1

<latexit sha1_base64="kRXtu7LnHhTrhkk3TCzwO3Q5WI8="></latexit>

�0 = 0

<latexit sha1_base64="runGwEdvRQxlwdjEhihBJQMcQKk="></latexit>
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Results
• TVO with REINFORCE 

• Moments schedule 

• Deteriorating performance with  
  higher Κ  (i.e. # β) 
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Results
• TVO with REINFORCE 

• Moments schedule 

• Deteriorating performance with  
  higher Κ  (i.e. # β)  

•  TVO with reparameterization (Ours) 

• Schedules perform similarly
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Results
• Comparing TVO with reparamerization, original TVO with IWAE 

• By number of importance samples S
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Summary
• Path exponential family 

• Clarifies analysis of TVO  

• General construction with rich geometric structure 

• Future Directions in “Thermodynamic Variational Inference” 

• Improve SNIS sampler with MCMC methods 

• Explore deeper connections with thermodynamics
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