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Introduction

• Markov decision process (MDP): M = (S,A,P,R, γ)

– S, A: finite state and action spaces
– P : S ×A → ∆(S): transition probability function P(s ′|s, a)
– R : S ×A → R: reward (regret) function, with range [0, 1]
– γ ∈ (0, 1): discount factor

• value (cost) function with initial state distribution ρ

Vρ(π) := E
s∼ρ

Vs(π) = E
[∑∞

t=0 γ
tR(st , at)

∣∣∣ s0 ∼ ρ
]

• projected policy gradient method (Π := ∆(A)|S|)

π(k+1) = projΠ

(
π(k) − ηk∇Vµ(π(k))

)
• policy mirror-descent (PMD) method

π(k+1) = arg min
π∈Π

{
ηk
〈
∇Vµ(π(k)), π

〉
+ Dk(π, π(k))

}
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MDP fundamentals

• state-visitation distribution

ds,s′(π) := (1− γ)
∑∞

t=0 γ
t Prπ

(
st = s ′ | s0 = s

)
• Q-function (state-action value function)

Qs,a(π) := E
[∑∞

t=0 γ
tR(st , at)

∣∣∣ s0 = s, a0 = a
]

• policy gradient (Sutton, McAllester, Singh, Mansour 2000)

∇sVρ(π) =
∂Vρ(π)
∂πs

= 1
1−γdρ,s(π)Qs(π)

• performance difference lemma (Kakade & Langford 2002)

for any π, π̃ ∈ Π and s ∈ S

Vs(π)− Vs(π̃) = 1
1−γ Es′∼ds(π) 〈Qs′(π̃), πs′ − π̃s′〉
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Projected policy gradient method

• decoupled form

π
(k+1)
s = proj∆(A)

(
π

(k)
s − ηk∇sVµ(π(k))

)
, s ∈ S

• key properties (Agarwal, Kakade, Lee, Mahajan 2021)

– smoothness

‖∇Vρ(π)−∇Vρ(π′)‖2 ≤
2γ|A|

(1−γ)3 ‖π − π′‖2

– variational gradient domination

Vρ(π)− V ?
ρ ≤ 1

1−γ

∥∥∥dρ(π?)
µ

∥∥∥
∞

maxπ′∈Π

〈
∇Vµ(π), π − π′

〉
• our improved convergence rate

Vρ(π(k))− V ?
ρ ≤

256|S||A|
k (1−γ)5

∥∥∥dρ(π?)
ρ

∥∥∥2

∞
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Weak gradient-mapping domination

consider minimizing F (x) := f (x) + Ψ(x)

• proximal gradient method with constant step size η = 1
L

xk+1 = arg min
x

{〈
∇f (xk), x − xk

〉
+ L

2‖x − xk‖2 + Ψ(x)
}

= prox 1
L

Ψ

(
xk − 1

L∇f (xk)
)

• Gradient mapping: GL(xk) = L
(
xk − xk+1

)
• weak gradient mapping domination: there exist ω > 0 s.t.

‖GL(x)‖2 ≥
√

2ω
(
F (x+)− F ?

)
K L exponent = 1, but with F (x+) instead of F (x)

• O(1/k) convergence to global optimum

F (xk)− F ? ≤ max
{

4L
ωk ,

(√
2

2

)k (
F (x0)− F ?

)}
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Policy mirror descent (PMD)

• Bregman divergence

D(p, p′) := h(p)− h(p′)− 〈∇h(p′), p − p′〉

weighted divergence: Dρ(π, π′) := Es∼ρ
[
D(πs , π

′
s)
]

• general PMD

π(k+1) = arg minπ∈Π

{
ηk
〈
∇Vµ(π(k)), π

〉
+ 1

1−γDdµ(π(k))(π, π(k))
}

• projected Q-descent: for all s ∈ S

π
(k+1)
s = proj∆(A)

(
π

(k)
s − ηkQs(π(k))

)
• exponentiated Q-descent (natural policy gradient)

π
(k+1)
s,a = π

(k)
s,a

exp
(
−ηkQs,a(π(k))

)
z

(k)
s
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Convergence rates

• sublinear rate (constant step size) ηk = η

Vρ(π(k))− V ?
ρ ≤ 1

k+1

(
D?0

η(1−γ) + 1
(1−γ)2

)
• linear rate with exponential step size: ηk+1 ≥ ηk/γ

Vρ(π(k))− V ?
ρ ≤

(
1− 1

ϑρ

)k (
Vρ(π(0))− V ?

ρ +
D?0
η0γ

)
where ϑρ := 1

1−γ

∥∥∥dρ(π?)
ρ

∥∥∥
∞

(no entropy regularization)

• superlinear rate if
∥∥dρ(π?)/dρ(π(k))

∥∥
∞ → 1

– Convergence of transition probability matrix P(πk)

lim
k→∞

∥∥P(πk)− P(π?)
∥∥ = 0

– exist C > 0 such that
∥∥P(πk)− P(π?)

∥∥ ≤ C
(
Vρ(πk)− V ?

ρ

)
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Connection with policy iteration

• policy iteration (PI)

πk+1
s = arg min

a∈A
Qs,a(πk) = arg min

p ∈∆(A)

〈
Qs(πk), p

〉
• NPG (exponentiated Q-descent)

πk+1
s = arg min

p∈∆(A)

{
ηk
〈
Qs(πk), p

〉
+ DKL(p, πks )

}
equivalent to PI as ηk →∞

• convergence rates

– policy iteration: ‖v(πk)− V ?‖∞ ≤ γk

1−γ

– NPG with ηk+1 = ηk/γ

vρ?(πk)− v?ρ? ≤ γk
(

1
1−γ + 1

γη0
log |A|

)
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Inexact PMD and sample complexity

π
(k+1)
s = arg min

p∈∆(A)

{
ηk

〈
Q̂s(π(k)), p

〉
+ D(p, π

(k)
s )
}

• theorem: if
∥∥Q̂(π(k))−Q(π(k))

∥∥
∞ ≤ τ and ηk+1 > ηk/γ, then

Vρ(π(k))− V ?
ρ ≤

(
1− 1

ϑρ

)k
2

1−γ +
4ϑρ
1−γ τ

• sampling with generative model (trajectory rollouts)

– H: horizon of truncated trajectories

– M: number of trajectories to average for each π(k) and (s, a)

– if M ≥ γ−2H

2 log
(

2|S||A|
δ

)
, then with probability ≥ 1− δ,∥∥Q̂(π(k))− Q(π(k))

∥∥
∞ ≤

2γH

1−γ

– overall sample complexity Õ
(
|S||A|

(1−γ)8ε2

∥∥∥dρ(π?)
ρ

∥∥∥3

∞

)
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